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damental

variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental
variables are a metric g, (10 comp.) as well as the coefficients

I, (64 comp.

) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Torsion part

Levi-Civita
A A 1 A A 1 A A
I"ey= Iw +§T /W_T(,u y)+§Q IW_Q(M V) (1)
Curvature R“l,p(, = apfﬂw — agf“,,p + f‘l‘TprVU — f‘“mel,p
Torsion T“Vp = f‘“w, — f“py

Nonmetricity
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@ Notation: y, v, a,..: space-time; a, b, ¢, ..: tangent space.
I': Levi-Civita, I': Teleparallel connection.

o Tetrads (or vierbein) e?, are linear basis on the spacetime
manifold, and at each point of the spacetime, tetrads gives us
basis for vectors on the tangent space.

o E,,*is the inverse of the tetrad.

o Tetrads satisfy the orthogonality condition; £, e", = 6, and
Epn”e™, = 4§, and the metric and its inverse can be
reconstructed via

Metric and tetrads

b b
Juv = nabea,ue v g,uz/ = 77a E'Ey”

where 7, is the Minkowski metric.
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Basic mathematical ingredients
Teleparallel equivalent of General Relativity

Teleparallel connection choice

Weitzenb6ck connection: Curvature is zero and V,,g,, = 0:

Teleparallel connection - Weitzenbdck

Weitzenbock connection and curvature

7, = B’ Dye®y = B (9% + w'ueby)

—> Bl i) = G iy — Bhd iy A 07 e i — 0 ot g, = U

In TG, it is always possible to find a frame such that w®,, = 0,
but this is a gauge choice, so only some tetrads are compatible
with this.
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@ The field strength in TG is the torsion tensor that is defined as
the antisymmetric part of the Weitzenbéck connection

Torsion tensor

A A A B A B
T”W:FPW—I")W:EA”(e = T B 0 @ u>'

@ The torsion tensor is generally non-vanishing, and transforms
covariantly under both diffeomorphisms and local Lorentz
transformations.
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| scalar and torsion scalar

@ One has that .
PPy =17y, + %(TMPV + 1, — pr) =T1" + K.
@ Thus, one can split the curvature as follows

Ricci tensor and contortion
A DA = A v A A A
R nov =R [LUV+VG'KV p_vuKa u+Ka pKle,u_KO'py,Kl/ P =0.

o Here, R ,,, is the curvature tensor computed with the
Levi-Civita connection. Reminder: overcircles mean that those
quantities are computed with the Levi-Civita connection.

o Be careful here! The general curvature R .5, = 0, not
R oy #0
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Basic mathematical ingredients
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Ricci scalar and torsion scalar

@ By splitting the curvature tensor and contracting it with the
metric g*” R ww = R (Ricci scalar-general one), one gets

Ricci scalar Levi-Civita and torsion scalar

R=R+T-B=0—>R=-T+B.

@ Here, the we have defined (with e = det(e?,) = /—g)

Torsion scalar and boundary term

1 1 2
T =TT + 5T T, — T \.T,"", B = gaM(eTAw) :
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Introduction to Teleparallel theories of gravity

icci scalar and torsion scalar

@ By splitting the curvature tensor and contracting it with the
metric g*” R ww = R (Ricci scalar-general one), one gets

Ricci scalar Levi-Civita and torsion scalar

R=R+T-B=0—-R=-T+B.

@ Here, the we have defined (with e = det(e®,) = /—g)

Torsion scalar and boundary term

1 1 2
T =TT + 5T T, — T \.T,"", B = gaﬂ(eTA 2.

@ The Ricci scalar computed from the Levi-Civita connection R
differs from the scalar torsion 7" by a boundary term B.
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o The TEGR action is formulated based on the torsion scalar 7',
namely

Teleparallel equivalent of General Relativity action

1
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@ T and the scalar curvature R differs by a boundary term B as
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leparallel equivalent of General Relativity action

o The TEGR action is formulated based on the torsion scalar 7',
namely

Teleparallel equivalent of General Relativity action

1

STEGR = / [2/@2T+ Lm} ed'r.

where k? = 87G and L,, is any matter Lagrangian.

@ T and the scalar curvature R differs by a boundary term B as
R =-T+ B so:

Equivalence between field equations

The field equations arising from Stggr are equivalent to the
Einstein field equations.
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o different ways of understanding gravity

Coupling to matter

In TG, no direct matter coupling to the teleparallel connection is
introduced, in order to preserve the weak equivalence principle —
matter fields retain their universal coupling to the metric and
possibly its Levi-Civita connection (in the case of spinor fields).
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Equivalence on their field equations

TEGR has the same equations as GR, so CLASSICALLY it is
impossible to make any observation to distinguish between
them. All classical experiments already done, that have
confirmed GR, also can be understood as a confirmation of
TEGR.
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different ways of understanding gravity

Coupling to matter

In TG, no direct matter coupling to the teleparallel connection is
introduced, in order to preserve the weak equivalence principle —
matter fields retain their universal coupling to the metric and
possibly its Levi-Civita connection (in the case of spinor fields).

.

Equivalence on their field equations

TEGR has the same equations as GR, so CLASSICALLY it is
impossible to make any observation to distinguish between
them. All classical experiments already done, that have
confirmed GR, also can be understood as a confirmation of
TEGR.

See our review S. Bahamonde et al.,“Teleparallel Gravity: From Theory to
Cosmology,” [arXiv:2106.13793 [gr-qc]] for more details.
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Modified teleparallel theories

What happens if we modify TEGR?

If we modify the TEGR action, a priori there is no equivalence
between modified theories from GR and modified Teleparallel
theories.
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Modified Teleparallel theories of gravity

Jified teleparallel theories

What happens if we modify TEGR?

If we modify the TEGR action, a priori there is no equivalence
between modified theories from GR and modified Teleparallel
theories.

\,

Are Teleparallel theories Lorentz invariant?

There is a lot of misconceptions in the literature since TEGR
and their first modifications were proposed in the pure-tetrad
formalism, which assumes that w“;, = 0 globally. By assuming
this choice, TEGR is pseudo local Lorentz invariant (invariant
up to a boundary term) and in modified TG, there is a breaking
of the local Lorentz invariant.

\

Sebastian Bahamonde
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fied teleparallel theories

Is it possible to formulate Teleparallel theories in a fully invariant form?

Yes, and the way to do this is by incorporating the spin
connection w%,, in the formulation. If one introduces this
quantity, the torsion tensor is always fully covariant (covariant
under both diffeo and local Lorentz) and then, any action
constructed from it will be fully invariant.

See!

M. Kr88ak and E. N. Saridakis, Class. Quant. Grav. 33 (2016) no.11,
115009; M. Krssak, R. J. van den Hoogen, J. G. Pereira, C. G. Béhmer and
A. A. Coley, Class. Quant. Grav. 36 (2019) no.18, 183001.
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Modified Teleparallel theories of gravity

ant properties of Teleparallel theories

o Teleparallel theories have the tetrads and spin connection as
the fundamental variables, so that, one most commonly
assumes an action which is of the form

S = Sgle; w] + Smle, ],

where the gravitational part Sq of the action depends on the
tetrad e, and the spin connection w* 5,,, while the matter part
depends on the tetrad eAH and arbitrary matter fields x’, but not
on the spin connection.
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Modified Teleparallel theories of gravity
Bla N tel

ties of Teleparallel theories

o Teleparallel theories have the tetrads and spin connection as
the fundamental variables, so that, one most commonly
assumes an action which is of the form

S = Sgle; w] + Smle, ],

where the gravitational part Sq of the action depends on the
tetrad e, and the spin connection w* 5,,, while the matter part
depends on the tetrad eAH and arbitrary matter fields x’, but not
on the spin connection.

@ Particles (bosonic or femionic) follow the standard geodesic
equation.
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Modified Teleparallel theories of gravity

ant properties of Teleparallel theories

@ Variations of any action should be taken with respect to both
variables (with the emphasis that the spin connection is
non-arbitrary but always flat).
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Modified Teleparallel theories of gravity

ant properties of Teleparallel theories

@ Variations of any action should be taken with respect to both
variables (with the emphasis that the spin connection is
non-arbitrary but always flat).

@ Since wABM is a pure-gauge quantity, it can be shown that the
the antisymmetric part of the field equations arising from
variations w/r to the tetrads e, coincides with the variations of
the action w/r to w ..
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Modified Teleparallel theories of gravity

ant properties of Teleparallel theories

o Field equations are fully covariant (Lorentz and diffeo), and after
finding them, it is possible to choose a gauge, known as the
Weitzenbdck gauge which is a special frame where w5, = 0.
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Modified Teleparallel theories of gravity

ant properties of Teleparallel theories

o Field equations are fully covariant (Lorentz and diffeo), and after
finding them, it is possible to choose a gauge, known as the
Weitzenbdck gauge which is a special frame where w5, = 0.

@ This gauge choice can be only taken after deriving the field
equations and if one does this, only some tetrads will be
compatible with this choice.

Sebastian Bahamonde
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o

@ Theories with scalar torsion and boundary term
@ Scalarised black holes in scalar-torsion

Sebastian Bahamonde



Black holes in teleparallel gravity

s with scalar torsion and boundary term - f(T, B)

@ One interesting modified TG theory is when one considers?

23. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Black holes in teleparallel gravity Scalarised black holes in scalar-torsion

Theories with scalar torsion and boundary term - f(T, B)

@ One interesting modified TG theory is when one considers?

f(T, B) gravity action

S¢r,B) = / f(T,B)ed*x.

23. Bahamonde, C. G. Bdhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Black holes in teleparallel gravity

eories with scalar torsion and boundary term - f(T', B)

@ One interesting modified TG theory is when one considers?

f(T, B) gravity action

Sf(T,B) :/f(T,B)ed4a;.

o

o If f(T,B) = f(—T + B) = f(R), one finds the f(J:Z) theory in the
context of TEGR.

23. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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eories with scalar torsion and boundary term - f(T', B)

@ One interesting modified TG theory is when one considers?

f(T, B) gravity action

Sf(T,B) :/f(T,B)ed4a;.

o

o If f(T,B) = f(—T + B) = f(R), one finds the f(J:Z) theory in the
context of TEGR.
o If f(T,B) = f(T), one gets f(T') gravity

23. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Black holes in teleparallel gravity

ories with scalar torsion and boundary term - f(T', B)

@ One interesting modified TG theory is when one considers?

f(T, B) gravity action
Sf(T,B) = /f(T, B)e d4£C.

o If f(T,B)=f(-T+B) = f(}o%), one finds the f(J:Z) theory in the
context of TEGR.

o If f(T,B) = f(T), one gets f(T') gravity

@ There has been quite a lot of study about this theory in the last
years.

23. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Black holes in teleparallel gravity

equations and spherical symmetry

@ The separate tetrad and spin connection variations produce
the field equations

W(;w) = /{26/14117
Wi = [(@»fB) + (5pr)]5[#”4 o< 1?1, 0, (fr + fB) = 0.
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the field equations
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@ The three equations of motion obtained are not fully
independent of each other.
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the field equations

W(;w) = ’QQGWM
Wi = [(QofB) + (5pr)]5[#”4 oc T1,,0,(fr + fB) = 0.

@ The three equations of motion obtained are not fully
independent of each other.

@ In GR the relation among them corresponds to the Bianchi

identity fzamw,j} = 0, which leads to covariant conservation
of the Einstein tensor.
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@ The separate tetrad and spin connection variations produce
the field equations

W(;w) = ’QQGWM
Wi = [(QofB) + (5pr)]5[#”4 oc T1,,0,(fr + fB) = 0.

@ The three equations of motion obtained are not fully
independent of each other.

@ In GR the relation among them corresponds to the Bianchi
identity fzamw,j} = 0, which leads to covariant conservation
of the Einstein tensor.

@ We showed that for (7', B), if the antisymmetric part of
equations is satisfied, then the covariant divergence of
equations of motion vanishes identically.
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Black holes in teleparallel gravity

equations and spherical symmetry

Killing egs:

A A B A A A A
£Z<6 M:_/\CBB w5 ‘CZCW BH:é)M)\CB—&—w CMACCB_WCBH/\<C~
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Black holes in teleparallel gravity

guations and spherical symmetry

Killing egs:
£Z<6AM /\C Be w5 £ZC(UA Bpu :au)\?B “FWACM)\CCB_CUCBH/\CACH

By solving these egs in the Weitzenbdck gauge we find

(jl (IQ 0 0
A Cssindcosp Cysindcose Cscostdcosg — Cgsing  —sind(Cs sin g + Cg cos Y cos )
v Cisindsing  Cysindsing CpcosUsing + Cgcosp  sind(Cs cos p — Cg cos ¥ sin p)
C3 cos ¥ Cycos? —C5sind Cg sin® 9

where the six free functions C; = Cy(t,r) (I = 1,..6) can
depend on time and the radial coordinate
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Black holes in teleparallel gravity

g antisymmetric field equations

There are two different tetrads which solve the antisymmetric
field equation and they have the same metric®

A(r) 0 0 0
A 0 B(r)sindcosp Ercosdcosep —rEsindsing £= 141
Cyr = 0 B(r)sindsing €rcosdsing  Ersindcosp ’ T
0 B(r) cos? —r&sind 0
0 iB(r) 0 0
A 1 A(r) sin 9 cos ¢ 0 —rsing —rsind cos ¥ cos ¢
€@# T | iA(r)sin¥9sing 0 xrcosp —rsindcosdsing |’
1 A(r) cos ¥ 0 0 rsin? 9

ds? = A(r)2dt? — B(r)?dr? — r2d02.

3s. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01
(2022) no.01, 037
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Black holes in teleparallel gravity

g antisymmetric field equations

There are two different tetrads which solve the antisymmetric
field equation and they have the same metric®

A(r) 0 0 0
A 0 B(r)sindcosp Ercosdcosep —rEsindsing £= 141
Cyr = 0 B(r)sindsing €rcosdsing  Ersindcosp ’ T
0 B(r) cos? —r&sind 0
0 iB(r) 0 0
A 1 A(r) sin 9 cos ¢ 0 —rsing —rsind cos ¥ cos ¢
€@# T | iA(r)sin¥9sing 0 xrcosp —rsindcosdsing |’
1 A(r) cos ¥ 0 0 rsin? 9

ds? = A(r)2dt? — B(r)?dr? — r2d02.

The phenomenology of these two tetrads will be different!

3s. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01
(2022) no.01, 037
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Black holes in teleparallel gravity

remarks about the tetrads

° eé) « has been derived before but different papers did not
notice that £ = +1 has a different value of 7', B than £ = —1
and then different predictions.
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° eé) « has been derived before but different papers did not
notice that £ = +1 has a different value of 7', B than £ = —1
and then different predictions.

@ Minwkoski: If ¢ = +1, the T'— 0 for A(r), B(r) — 1 whereas
one needs to take a "weird” Minwkoski limit A(r), B(r) — —1
togetT — 0 for& = —1.
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togetT — 0 for& = —1.

@ For the complex tetrad, all the quantities (torsion tensor,
scalars, etc) are real.
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Black holes in teleparallel gravity

remarks about the tetrads

° e(Al) « has been derived before but different papers did not
notice that £ = +1 has a different value of 7', B than £ = —1
and then different predictions.

@ Minwkoski: If ¢ = +1, the T'— 0 for A(r), B(r) — 1 whereas
one needs to take a "weird” Minwkoski limit A(r), B(r) — —1
togetT — 0 for& = —1.

@ For the complex tetrad, all the quantities (torsion tensor,
scalars, etc) are real.

@ Since we couple matter with the metric, these imaginary
terms are not seen, so nothing is wrong with it.
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Black holes in teleparallel gravity

ons for the real tetrad - only pertubed solutions

@ We did not find non-trivial exact solutions for e(“w.
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ons for the real tetrad - only pertubed solutions

@ We did not find non-trivial exact solutions for e(“w.
@ One can get pertubed solutions by assuming
2M

A2(r) = 1——+ea(r),
T
B2 = (1- 207 en),
T
f(T,B) = T+ef(T,B):T+e%(aT2+BBQ+'yBT>.
where € < 1.
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@ We did not find non-trivial exact solutions for e(“w.
@ One can get pertubed solutions by assuming
2M

A2(r) = 1——+ea(r),
T
B2 = (1- 207 en),
T
f(T,B) = T+ef(T,B):T+e%(aT2+ﬁBQ+'yBT>.
where € < 1.

@ It turns out that for ¢ = —1 there are perturbed solutions
around Minkowski (M = 0) but not in £ = +1.
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ons for the real tetrad - only pertubed solutions

@ We did not find non-trivial exact solutions for e(“w.
@ One can get pertubed solutions by assuming
2M

A2(r) = 1——+ea(r),
T
B2 = (1- 207 en),
T
f(T,B) = T+ef(T,B):T+e%(aT2+ﬁBQ+'yBT>.
where € < 1.

@ It turns out that for £ = —1 there are perturbed solutions
around Minkowski (M = 0) but not in £ = +1.

@ We found perturbed solutions with M # 0 and they contain
logarithmic terms.
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Black holes in teleparallel gravity

ns for the real tetrad - only pertubed solutions

@ We did not find non-trivial exact solutions for e(“w.
@ One can get pertubed solutions by assuming
2M

A2(r) = 1——+ea(r),
T
B2 = (1- 207 en),
T
f(T,B) = T+ef(T,B):T+e%(aT2+BBQ+'yBT>.
where € < 1.

@ It turns out that for £ = —1 there are perturbed solutions
around Minkowski (M = 0) but not in £ = +1.

@ We found perturbed solutions with M # 0 and they contain
logarithmic terms.

@ Depending on how one sets the integration constants, they
can describe (or not) black holes.
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Black holes in teleparallel gravity

ons for the complex tetrad

@ The symmetric field egs for eé)“ are simpler. Surprisingly, for
any form of f, the metric functions MUST respect

| VP A AT = AT + AP

B(r) = A0
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ons for the complex tetrad

@ The symmetric field egs for eé)“ are simpler. Surprisingly, for
any form of f, the metric functions MUST respect

| VP A AT = AT + AP

B(r) = A0

@ We found perturbed solutions around Schwarzschild for any
power law f(7, B).
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Black holes in teleparallel gravity

ons for the complex tetrad

@ The symmetric field egs for eé)“ are simpler. Surprisingly, for
any form of f, the metric functions MUST respect

| VP A AT = AT + AP

B(r) = A0

@ We found perturbed solutions around Schwarzschild for any
power law f(7, B).

@ We also found exact solutions.
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Black holes in teleparallel gravity

ons for the complex tetrad - similar RN

@ The first interesting black hole one is

ds? = (1- 2M Q)dt2 (—QM; Q__QT; r2)_1dr2 — 2402,

which looks like Reissner—Nordstrom but it does not have
gt = _l/grr-

Sebastian Bahamonde



Black holes in teleparallel gravity

ons for the complex tetrad - similar RN

@ The first interesting black hole one is
2M Q 2Mr — Q —r2\-1
2 _ 2 2 23102
ds? = (1— ==+ % )ar* — ( — ) dr?—r?ag?,

which looks like Reissner—Nordstrom but it does not have

gt = _l/grr-
@ This solution has two event horizons and can have any sign

for Q.
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Black holes in teleparallel gravity

ons for the complex tetrad - similar RN

@ The first interesting black hole one is

2M Q 2Mr — Q —r2\-1
2 _ 2 2 23102
ds? = (1— ==+ % )ar* — ( — ) dr?—r?ag?,
which looks like Reissner—Nordstrom but it does not have

gt = _l/grr-
@ This solution has two event horizons and can have any sign

for Q.
@ The form of the theory is

(2+ VP12 —2QT + 4)
(T +2+ V@I —2QT 1 4) /8 — 20T £ 4/QPT? —2QT + 4.

F(T) =450
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Black holes in teleparallel gravity

ons for the complex tetrad - Born-Infield

@ A quite well-studied theory inspired by Born-Infield
electromagnetism is

f(T):A(y/l—k?—l),

with A\ being the so-called Born-Infeld parameter. It is easy to
notice that when T'/A < 1, one obtains
F(T) =T —T?/(2\) + O(1/)?).
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Black holes in teleparallel gravity

ons for the complex tetrad - Born-Infield

@ A quite well-studied theory inspired by Born-Infield
electromagnetism is

f(T):A(y/l—k?—l),

with A\ being the so-called Born-Infeld parameter. It is easy to
notice that when T'/A < 1, one obtains
F(T) =T —T?/(2\) + O(1/)?).

@ We found an exact black hole solution to this theory

ds* = aé[\f)\(ao)\ +7)—2tan” <\/>T> }dt2

2\B/2p5
BNCESEINE

Sebastian Bahamonde
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Black holes in teleparallel gravity

ons for the complex tetrad - Born-Infield

@ One can set a7 = 1/v/) to get asymptotically flatness.
Further, if we choose ay = —2M /X and expands the metric
up to O(1/X2), we find

27+i }dtQ
r Ar2

-1
[1_2M 16M 12 T } d

ds® = [1 —

- 2 _ .2 2 2
- V=R 4 ME o re —r2dQ° + O(1/X%).

Sebastian Bahamonde



Black holes in teleparallel gravity

ons for the complex tetrad - Born-Infield

@ One can set a7 = 1/v/) to get asymptotically flatness.
Further, if we choose ay = —2M /X and expands the metric
up to O(1/X2), we find

oM 4
r Ar2

L[y M 16M 12w 9T g >
[1 e \FAJ dr? — r2d02 + O(1/)%).

@ This is a generalization of a Schwarzschild black hole with

one horizon rj, = 2M + = — 2L O(1/22).

ds? = {1 _ ]dt“'
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Black holes in teleparallel gravity

ons for the complex tetrad - Born-Infield

We also checked numerically that there is only one horizon:

1.0F

0.5

0.0

it -0.5

-1.01
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Black holes in teleparallel gravity

gorem spherical symmetry - valid for the two tetrads

In f(T") gravity, only for the case where the model is at most
TEGR + Constant, the A(r) and B(r) take on the reciprocal of
each other (g;+ = —1/g,). Moreover, the solution in this case is

the Schwarzschild de Sitter solution.
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Black holes in teleparallel gravity

iIsed black holes in Riemannian geometry

o In GR(+Maxwell), black holes are only characterised by its
mass, charge and angular momentum no-hair theorem.
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theories like
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Black holes in teleparallel gravity

sed black holes in Riemannian geometry

o In GR(+Maxwell), black holes are only characterised by its
mass, charge and angular momentum no-hair theorem.

o Several studies have been carried out for scalar-tensor
theories like

1
- 2/4,2 M

[FW)R+2B($)X - 262V(y)| v=gd'e.
@ When F(¢) = 1 and V « —?, there is a no-hair theorem.

@ One can circumvent the no-hair theorem by having some
particular potentials and coupling functions.
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Introduc

o In GR(+Maxwell), black holes are only characterised by its
mass, charge and angular momentum no-hair theorem.

o Several studies have been carried out for scalar-tensor
theories like

1
262 Jy

[fw)i% +2B($) X — 2&21;(1/))] V=g d'z.

@ When F(¢) = 1 and V « —?, there is a no-hair theorem.

@ One can circumvent the no-hair theorem by having some
particular potentials and coupling functions.

o It is well known that spontenous scalarization of black holes
occur in other theories like the ones with coupling with
Gauss-Bonnet.
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Black holes in teleparallel gravity

-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:

_ 1
2K2

| [FA@IT ~ B +280)X —262v(w)] V=g d's.

where X = —3g"0,40,¢.

4S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil,
Eur. Phys. J. C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.
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Black holes in teleparallel gravity

-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:

_ 1
2K2

| [FA@IT ~ B +280)X —262v(w)] V=g d's.

where X = —3g"0,40,¢.

@ Since R = —T + B, when A(y)) = —C(1)) the above theory is
exactly the same as the standard non-minimally one..

4S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil,
Eur. Phys. J. C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.
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Black holes in teleparallel gravity

r-torsion theories

@ The Egs can be written as
o i
Ruv — ERguu = *W

—(8 =" N + € @) (VuViur — Ovgun ) + V(g ]| = 6%, .

AT W) +C @) Sy o + (28— € )) $,p,09° Guv
2
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Black holes in teleparallel gravity

-torsion theories
@ The Egs can be written as

3 1
Ruy — —Rgup = ———
e T gk A()

—(B =" WNYutbw +C ) (YTt - Ogur) + B2V @)gun| = 0V, .

@ By solving the antisymmetric egs, one gets the same two
possible tetrads presented before, with the metric now as

[(A@)+ @) Sy b0+ (58 =€) .08 g1

D _ 42 2_22 2 2102
ds® = A“dt A2dr r<dQ” .
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Black holes in teleparallel gravity

-torsion theories
@ The Egs can be written as

3 1
Ruy — —Rgup = ———
e T gk A()

—(B8=C" WN¥.ub +C' W) (VuVor — Obgun) + R2V(@)gur] = 0, .

@ By solving the antisymmetric egs, one gets the same two
possible tetrads presented before, with the metric now as

[(A@)+ @) Sy b0+ (58 =€) .08 g1

D _ 42 2_22 2 2102
ds® = A“dt A2dr r<dQ” .

@ We can express the energy of the scalar field in the black hole
exterior region as

i :/ O, CridrdQ = 471'/ py(r)Cridr,
Th SZ Th
where p,(r) = ©W),(r) will be interpreted as the (effective)
scalar field energy density.
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Black holes in teleparallel gravity

a only non-minimal coupling between the scalar field and the boundary

o This theory has a GR term plus and a C(v)) B term.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized Black Holes in Teleparallel Gravity,” arXiv:2201.11445.
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Black holes in teleparallel gravity

a only non-minimal coupling between the scalar field and the boundary

o This theory has a GR term plus and a C(v)) B term.
@ Again, for the real tetrad we only found solutions that do not
look interesting®.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized Black Holes in Teleparallel Gravity,” arXiv:2201.11445.
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Black holes in teleparallel gravity

¥ only non-minimal coupling between the scalar field and the boundary

o This theory has a GR term plus and a C(v)) B term.

@ Again, for the real tetrad we only found solutions that do not
look interesting®.

@ For the complex tetrad, we found Schwarzschild-de-Sitter
solutions with different couplings and potentials.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized Black Holes in Teleparallel Gravity,” arXiv:2201.11445.
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Black holes in teleparallel gravity

¥ only non-minimal coupling between the scalar field and the boundary

o This theory has a GR term plus and a C(v)) B term.

@ Again, for the real tetrad we only found solutions that do not
look interesting®.

@ For the complex tetrad, we found Schwarzschild-de-Sitter

solutions with different couplings and potentials.
@ We also found a non-asymptotically flat solution

ds? = p-2 (Aori\/ﬂJrri w/2)dt2
A -1
fiog/avi w/2 (Aor'iv w/2 4 1) (£2V2 — Vw)dr? — r2dQ?,
with w = 2 — B2 and

e = (222

S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized Black Holes in Teleparallel Gravity,” arXiv:2201.11445.
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Black holes in teleparallel gravity

only non-minimal coupling between the scalar field and the torsion scalar

@ This theory has a coupling like A()T.
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@ This theory has a coupling like A()T.

@ For this case, we found exact solutions for the real and complex
tetrad.
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Black holes in teleparallel gravity

only non-minimal coupling between the scalar field and the torsion scalar

@ This theory has a coupling like A()T.

@ For this case, we found exact solutions for the real and complex
tetrad.

@ One interesting one is

ds? = (1 . %)thz - (1 - ?)_2dr2 — 2402,

with () = — 255 A(W) = —§8Y2, V() = 0.
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Black holes in teleparallel gravity

nly non-minimal coupling between the scalar field and the torsion scalar

@ This theory has a coupling like A()T.

@ For this case, we found exact solutions for the real and complex
tetrad.

@ One interesting one is

K\2 K\ -2

2 el 2 o 22 2

ds—(l T)dt (1 70) dr? — 12402,
with 9(r) = — 2, A(y) = —48¥%, V() = 0.

@ The metric is the same as the

Bocharova—Bronnikov—Melnikov—Bekenstein (BBMB) solution
found in Riemannian conformal scalar-vacuum theory!
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Black holes in teleparallel gravity

only non-minimal coupling between the scalar field and the torsion scalar

@ Another interesting scalarised black hole solution found is

s _ T r(r—4K)\2
ds® = (2 e )dt
r 7”(7‘_4[() 2 5 2102
(9 4NV ") — 240
(2 2K+ ¥ie ) dr redQ“,

where the scalar field is non-trivial and A(¢) = %W. This metric is
asymptotically flat.
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Black holes in teleparallel gravity

nly non-minimal coupling between the scalar field and the torsion scalar

@ Another interesting scalarised black hole solution found is

s _ T r(r—4K)\2
ds® = (2 e )dt
r 7”(7‘_4[() 2 5 2 102
(o _ NV V) — r2dQ
(2 2K+ ¥ie ) dr redQ“,

where the scalar field is non-trivial and A(¢) = %W. This metric is
asymptotically flat.

o If K « 1 the metric components behave as

g =—1/grp =1- === T*O”{g)’

which looks like a Reissner-Norstrdom BH with imaginary
charge (Q* = —3M?).
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Black holes in teleparallel gravity

only non-minimal coupling between the scalar field and the torsion scalar

@ Another exact BH solution (non-asymptotically flat) that we
found is
Ao(2p+1)
Ag — 2Mr—2p-1
with non-trivial scalar field (no potential).

ds® = (Ao - 2Mr_2p_1)dt2 - ( )dr2 — 2402,
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Black holes in teleparallel gravity

nly non-minimal coupling between the scalar field and the torsion scalar

@ Another exact BH solution (non-asymptotically flat) that we
found is
Ao(2p+1)

AO — 2Mr—2p-1
with non-trivial scalar field (no potential).

@ This solution then corresponds to a scalarised black hole
solution with p being the parameter that controls the scalar field.

ds® = (Ao - 2Mr_2p_1)dt2 - ( )er — 2402,
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Black holes in teleparallel gravity

nly non-minimal coupling between the scalar field and the torsion scalar

@ Another exact BH solution (non-asymptotically flat) that we
found is
Ao(2p+1)

AO — 2Mr—2p-1
with non-trivial scalar field (no potential).

@ This solution then corresponds to a scalarised black hole

solution with p being the parameter that controls the scalar field.
o If p < 1 we find

ds® = (Ao - 2Mr_2p_1)dt2 - ( )er — 2402,

ds2 = [1 -~ 2M o AMp 2M 71{1+2p_ (1 _ 27M)71 4Mp
T

log(r)}dt2 — (1 — —)

T T

— log(r)] dr?
T T

—r2d0?% + 0(p?),

1
A(p) = 72p6w2 . () = o + poo log(r) + O(>), V() =0, p#0.
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Black holes in teleparallel gravity

nly non-minimal coupling between the scalar field and the torsion scalar

@ Another exact BH solution (non-asymptotically flat) that we
found is
Ao(2p+1)

AO — 2Mr—2p-1
with non-trivial scalar field (no potential).

@ This solution then corresponds to a scalarised black hole

solution with p being the parameter that controls the scalar field.
o If p < 1 we find

ds® = (Ao - 2Mr_2p_1)dt2 - ( )er — 2402,

ds2 = [1 -~ 2M o AMp 2M 71{1+2p_ (1 _ 27M)71 4Mp
T

log(r)}dt2 — (1 — —)

T T

— log(r)] dr?
T T

—r2d0?% + 0(p?),

1
A(p) = 72p6w2 . () = o + poo log(r) + O(>), V() =0, p#0.

@ This expanded form of the metric contains a logarithmic term as
in £(T)
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@ We formulated no-hair theorems for scalar-torsion gravity.
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@ We formulated no-hair theorems for scalar-torsion gravity.

@ There exist no spherically symmetric asymptotically flat
scalarized black holes for the following couplings and potentials:

Q A=ay™, C=0and m (2mY — V') <0;

Q A=ay? C =29+ and either V' > 4V or YV’ < 4V;
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Black holes in teleparallel gravity

air theorems in scalar-torsion theories of gravity

@ We formulated no-hair theorems for scalar-torsion gravity.

@ There exist no spherically symmetric asymptotically flat
scalarized black holes for the following couplings and potentials:

Q A=ay™, C=0and m (2mY — V') <0;
Q A=ay? C =29+ and either V' > 4V or YV’ < 4V;

Q A:a,é:cﬂn(zﬂ)—i—czand%ﬂgo;
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Black holes in teleparallel gravity

air theorems in scalar-torsion theories of gravity

@ We formulated no-hair theorems for scalar-torsion gravity.

@ There exist no spherically symmetric asymptotically flat
scalarized black holes for the following couplings and potentials:

Q@ A=ay™, C=0and 52— 27 (2mV —yV') <0;
Q A=ay? C=%y? + 02 and either V' > 4V or ¢V’ < 4V;
Q A=0o,C= (¢)+czand¢;"§0;

Q A=, C= gyt and 5 ¥V — (m+1)y™T7y) < 0or
(i) 2 (akt+ 29V - )) <0.
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@ ltis possible to formulate a theory which is equivalent to GR,
and then, one can modify these equations to study those
modifications.
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Conclusions and final remarks

sions

@ TG opens a new windows to study physics from a different
perspective where torsion is non-zero and curvature is zero.

@ ltis possible to formulate a theory which is equivalent to GR,
and then, one can modify these equations to study those
modifications.

o We found that the first exact non-trivial Black hole solutions in
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@ Are these solutions stable? what is the phenomenology of
them?
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