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Introduction

leparallel equivalent of general relativity

@ A general connection which defines the parallel
transportation is

Most general spin connection (Einstein-Cartan theory)

General spin connection related with curvature related with torsion

A A > A
Wy = Fuv + K,%

@ G.R. assumes for simplicity that K,*, =0

@ Weitzenbdck noticed that it is always possible to define a
connection W,*, on a space such that is globally flat
(R wo = 0) = TEGR
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Torsion and curvature

Curvature = how the tangent spaces roll along the curve.
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they are parallel transported




Introduction
Teleparallel gravity
f(R) and f(T) gravity

Geometrical differences

Torsion and curvature

Curvature = how the tangent spaces roll along the curve.
Torsion = how tangent spaces twist around a curve when
they are parallel transported

| A\

How gravity is explained in both theories?

G.R. = Gravity = Curvature of space-time
TEGR = Gravity = Forces (Torsion) in a flat space-time.
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Figure: Transporting a
vector in a closed trajectory
creates a different vector

Teleparallel gravity
f(R) and f(T) gravity
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f(R) and f(T) gravity

Geometrical differences

Curvature T

Rz + duy + das)

Q(x + duy)

Figure: Transporting a
vector in a closed trajectory
creates a different vector

i
dxi

Figure: Transporting the vectors dz¢ and dx}
towards the points S and @ creates a
paralelogram which is not closed (R; # Ry)

v
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Introduction

leparallel equivalent of general relativity

@ In TEGR, the dynamical variable is the tetrad field (or
vierbein) .

o Tetrad fields are defined at each point of the manifold as a
base of orthonormal vectors ef,.

Metric and tetrad fields

b
Juv = €Z€y77ab .

o Teleparallel gravity is an alternative formulation of gravity
which is “equivalent” to general relativity (same field

equations).
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Introduction
Teleparallel gravity
f(R) and f(T) gravity

Teleparallel equivalent of general relativity

@ The teleparallel action is formulated based on a
gravitational scalar called the torsion scalar T’

2K

T
STEGR = / [—— + Lm] ed'z.

Here, e = det(eh) = /—g and x = 87G.
@ The relationship between the scalar curvature R and the
scalar torsion is

Relationship between R and T

2
R=-T+ Ea’*(eT“) =-T+B.
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f(R) gravity

o A well studied modification of GR is f(R) gravity, which has
the following action

f(R) gravity action

Sy = [ £RV=gd's.
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Teleparallel gravity
f(R) and f(T') gravity

f(R) gravity

o A well studied modification of GR is f(R) gravity, which has
the following action

f(R) gravity action

Sty = / F(R)W gd's.

@ Here, f is an arbitrary (sufficiently smooth) function of the
Ricci scalar.

@ Ricci scalar depends on second derivatives of the metric
tensor — Fourth order theory.
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f(T) gravity
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@ In analogy with f(R) gravity, one can consider in the
Teleparallel framework, the f(T") gravity

f(T) gravity action
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@ The torsion scalar T depends on the first derivatives of the
tetrads — Second order theory.
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invariant under local LT.
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Introduction

Teleparallel gravity
f(R) and f(T') gravity

f(T) gravity

@ In analogy with f(R) gravity, one can consider in the
Teleparallel framework, the f(T") gravity

f(T) gravity action

Sf(T):/f(T)ed4x.

@ The torsion scalar 7' depends on the first derivatives of the
tetrads — Second order theory.

@ T'is not invariant under local LT = f(7) is also not
invariant under local LT.
Not equivalency between f(R) and f(T)
Field equations of f(T') +# Field equations of f(R)
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Modified teleparallel theories of gravity f (T, B)

ine

o
@ Case 1: f(T) limit
o Case 2: f(R) limit

11/28



Modified teleparallel theories of gravity f (T, B)

B) gravity

@ Connection between both theories: R = —T + B
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) gravity

@ Connection between both theories: R = —T + B

@ Inspired by the later discussion, we define the action
(Bahamonde et. al Phys.Rev. D92,10, 104042 (2015))

where f is a function of both of its arguments and L., is a
matter Lagrangian.
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Modified teleparallel theories of gravity f (T, B) Case 1: f(T) limit
Case 2: f(R) limit

f(T, B) gravity

@ Connection between both theories: R = —T + B

@ Inspired by the later discussion, we define the action
(Bahamonde et. al Phys.Rev. D92,10, 104042 (2015))

f(T, B) gravity action

1
Sf(TvB) = / |:;f(T7 B) aF Lm:| €d4x7

where f is a function of both of its arguments and L., is a
matter Lagrangian.
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B) = f(T) gravity

@ In order to recover f(7T') gravity, we simply set
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Modified teleparallel theories of gravity f (7", B) Case 1: f(T) limit

Case 2: f(R) limit
F(T, B) = £(T) gravity

@ In order to recover f(T') gravity, we simply set

Recovering f(T') gravity
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Case 2: f(R) limit

f(T, B) = f(T) gravity

@ In order to recover f(7T') gravity, we simply set

Recovering f(T') gravity

@ Doing this, we find
de [ fTT(é)HT)] Sy + 4628, (eSa") fr
—defrT? 1, Se™ —efd) = 16me®),

which, as expected, are the standard f(7) field equations.

@ This is the unique form of the function f which will give
second order field equations | :ucL)
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B) = f(—T + B) = f(R) gravity

@ In order to recover f(R) gravity, we simply set
(R=—-T + B)
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Modified teleparallel theories of gravity f (T, B) Case 1: f(T) limit
Case 2: f(R) limit

FE@IB)= (T + B) = /(R) gravity

@ In order to recover f(R) gravity, we simply set
(R=—-T + B)

Recovering f(R) gravity
f(T,B) = f(-T+ B) = f(R).
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Modified teleparallel theories of gravity f (T, B) Case 1: f(T) limit
Case 2: f(R) limit

FE@IB)= (T + B) = /(R) gravity

@ In order to recover f(R) gravity, we simply set
(R=—-T + B)

Recovering f(R) gravity
f(T,B) = f(-T+ B) = f(R).

@ Inserting this form of function into our general f(7, B) field
equation and changing all in terms of the Ricci scalar
yields the standard f(R) field equations,

1
FR;U/ - §fgm/ i g;u/DF — VMVVF = 871'@/“/ .
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

o

@ Gauss Bonnet extension
@ Trace of the energy-momentum tensor extension
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-Bonnet extension

@ The Gauss-Bonnet term is a quadratic combination of the
Riemann tensor and its contractions given by
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@ The Gauss-Bonnet term is a quadratic combination of the
Riemann tensor and its contractions given by

Gauss-Bonnet term

G = R? — 4R, R" + R, \RM"™* .
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Gauss Bonnet extension
Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T) Trace of the energy-momentum tensor extension

Gauss-Bonnet extension

@ The Gauss-Bonnet term is a quadratic combination of the
Riemann tensor and its contractions given by

Gauss-Bonnet term

G = R* — 4R, R" + R, R""™.

@ This term can be expressed in a similar way as before
which simply reads as

Relationship between Gauss-Bonnet G and T

G=-T¢+ Bg.
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3s-Bonnet extension action

@ Inspired by the later discussion, we define the action
(Bahamonde et. al arXiv:1606.05557 [gr-gc] (2016))
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Gauss-Bonnet extension action

@ Inspired by the later discussion, we define the action
(Bahamonde et. al arXiv:1606.05557 [gr-gc] (2016))

Gauss-Bonnet extension action

1

S§(r,B,T6,Bg) = / {ﬂf(TvaTG,BG)-FLm ed*z.
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Gauss Bonnet extension
Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T) Trace of the energy-momentum tensor extension

Gauss-Bonnet extension action

@ Inspired by the later discussion, we define the action
(Bahamonde et. al arXiv:1606.05557 [gr-gc] (2016))

Gauss-Bonnet extension action

1
Sf(T7B,TG7BG):/|:2 f(T7B7TGaBG)+Lm €d4$.

K

@ This action is very general. For instance, we can recover
f=f(T,T¢) gravity or f(—T + B, —T¢ + Bg) = f(R, Q)
gravity.
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Since T, B, T and B are not invariant under local
Lorentz transformations = One needs to be careful with
the choice of the tetrad.
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ple: FRWL Cosmology with k£ = +1

@ Since T, B, Tz and B¢ are not invariant under local
Lorentz transformations = One needs to be careful with

the choice of the tetrad.
@ The simplest tetrad field which yields the FRWL metric
ds? = —dt? + a(t)? [1_}“42 dr? + dQQ] is a diagonal one

given by
e, = diag (1, a(t)/V'1—kr? a(t)r,a(t)rsin 0) :
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Since T, B, T and B are not invariant under local
Lorentz transformations = One needs to be careful with
the choice of the tetrad.

@ The simplest tetrad field which yields the FRWL metric
ds? = —dt? + a(t)? [1_}“42 dr? + dQQ] is a diagonal one
given by

e, = diag (1, a(t)/V'1—kr? a(t)r,a(t)rsin 0) :

@ PROBLEM: This tetrad is highly restrictive since it
constraints the field equations with frr = 0.
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ One approach to avoid this issue is by rotating the diagonal
tetrad &% = Aabez, where

. (1 0
Ab‘(@ R(aﬂn))'

Here, R is the 3-dimensional rotation in the tangent space
parametrised by three Euler angles a = 0 — 5, 8 = ¢ and

v =(r).
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Using the rotated tetrad, the torsion scalar and the
boundary term are

4 /11— kr? . 1 a? k
T = ([ sy Hsina] + ) #6542
4 /11— kr? 1 G 72 k
B = ——<7r [r’y’cosy—&—sin’y} + —) +62 +122 48~
a? 7z 7 a a? a?
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Using the rotated tetrad, the torsion scalar and the
boundary term are

4 /1 — kr2 . 1 a2 k
T:—E(T[T’}/COS'}/‘FSIH’Y}+7)+6 +2 2

4 /1 — kr2 a2 k
B=- (7702 r [r’y’cosv—&-sinﬂ n )+6 +12 s+

o For the closed case k = +1, we need to set
v(r) = — arcsinh (\/1 + r2> to have T and B position
independent (also T and Bg).
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Using the rotated tetrad in a closed universe with the
correct v, the field equation are given by

6afs  6fp (ad+2a) 12a%fr 48fpgi N 48afp,,

F+ a a? a? a3 a3
_24(a? —31) afry N 24 fr,, (d; —1a _ o p,
a a

48fp,a  4afr 8(1—a®)fr, 6fp (ad+2a?)

f- 3 + 2 - 2

a- a a a
 fr (4ai +8a% —4) 1647, | Afre (a2-1)a

a? a? a3

16§ ,

+ /Bg +2fp = —2kp.

a2
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ple: FRWL Cosmology with k£ = +1

@ Using the rotated tetrad in a closed universe with the
correct v, the field equation are given by

6afs  6fp (ad+2a) 12a%fr 48fpgi N 48afp,,

f+ 7

a a? a a3 a3
24 (a® — 1) afr,  24fr, (a2 —1)a
- 3 + 3

=2kp,
a a

_ 48fpgd _ dafr  8(1— a®)fr,  6fp (ad+ 242)

f a3 a a2 a2
 fr (4ai +8a% —4) 1647, | Afre (a2-1)a
a? a? a3
16§, 5
+ /Bg +2fp = —2kp.

a?

o If f(Ta B,Tg, BG) = f(_T + B, -1c + BG) = f(Rv G)
we recover the usual Gauss-Bonnet equations f(R, G). [ -uclL]
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Gauss-Bonnet and trace extensions (T, B, Tg, Bg, T)

ace extension

We will now consider the later framework and we include the
trace of the energy-momentum tensor to the action discussed
before. This will give us the extended action

Trace and Gauss-Bonnet action extension

1

Sf(T,B,TQ,B(;,T) = / |:2Hf(TanTG7BG7T) +Lm €d433,

where additionally f is a function of the trace of the
energy-momentum tensor 7 = E§7'ﬁa
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f(T, B) diagram

= f(T
ser,my =T ey
f=f(-T+B) f=T
f(R) GR



f(T, B, T¢, Bg) diagram

f= (T Tc) f=J(T)

f(T7 B7TG7 BG) f<T7 TG) f(T>
f=[f(-T+B,-T¢+ Bg) f=T



f(T, B, T¢, Bg,T) diagram

f=F(R)

f

f(R)

f(T,B,Tc, Ba, T)

7= f(T+M
AT

f(R,G)

f(R,T)

2
\

f=f(T.B,T)

T,B,

e
f(m/ \7’

F(T,T)

1T B) f=1m

/

GR & TEGR



Conclusions

@ For many years now, an ever increasing number of
modifications of GR has been considered. Many of these
theories were considered in isolation in the past and their
relationship with other similarly looking theories was only
made implicitly.

27/28



Conclusions

@ For many years now, an ever increasing number of
modifications of GR has been considered. Many of these
theories were considered in isolation in the past and their
relationship with other similarly looking theories was only
made implicitly.

@ In our works, we explicitly found the corresponding
teleparallel equivalent to well-known theories of gravity
such as f(R), f(R,G), f(R,T) and others.
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