Black holes solutions in metric-affine gravity with

dynamical torsion and nonmetricity

Sebastian Bahamonde

JSPS Postdoctoral Researcher at Tokyo Institute of Technology, Japan

Proca seminar, 08/09/2022
Based on JCAP 09 (2020), 057; Eur. Phys. J. C 81 (2021) no.6, 495;
JCAP 01 (2022) no.01, 011; JCAP 04 (2022) no.04, 011.

RRITEATF

Tokyo Institute of Technology

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)



o Introduction to Metric-affine gravity
@ Why modified gravity?
@ Basic geometrical quantities
@ Tetrads and spin connection

e Trinity of gravity

@ Trinity of gravity: GR, TEGR and STEGR.
Q Metric-Affine gravity

o Gauge formalism

@ Dynamics

0 MAG models with dynamical torsion and nonmetricity
@ Spherical symmetry
@ Observational constraints
@ Axial symmetry
@ Including traceless part of nonmetricity
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Overview of the Talk

o Introduction to Metric-affine gravity
@ Why modified gravity?
@ Basic geometrical quantities
@ Tetrads and spin connection
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General Relativity - Assumptions

General Relativity is based upon different assumptions that can be
understood as the fulfilling of the Lovelock’s theorem. Some
assumptions are:

@ Equivalence principle

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 4/52



General Relativity - Assumptions

General Relativity is based upon different assumptions that can be
understood as the fulfilling of the Lovelock’s theorem. Some
assumptions are:

@ Equivalence principle

@ General covariance: Invariant under diffeomorphisms and Local
Lorentz transformations.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 4/52



General Relativity - Assumptions

General Relativity is based upon different assumptions that can be
understood as the fulfilling of the Lovelock’s theorem. Some
assumptions are:

@ Equivalence principle

@ General covariance: Invariant under diffeomorphisms and Local
Lorentz transformations.

@ Riemannian geometry: The connection is the Levi-Civita one.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 4/52



General Relativity - Assumptions

General Relativity is based upon different assumptions that can be
understood as the fulfilling of the Lovelock’s theorem. Some
assumptions are:

@ Equivalence principle

@ General covariance: Invariant under diffeomorphisms and Local
Lorentz transformations.

@ Riemannian geometry: The connection is the Levi-Civita one.
@ 4-dimension

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 4/52
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assumptions are:
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@ General covariance: Invariant under diffeomorphisms and Local
Lorentz transformations.
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@ 4-dimension

@ 2nd order derivatives: gravitational action contains only second
derivatives.
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General Relativity - Assumptions

General Relativity is based upon different assumptions that can be
understood as the fulfilling of the Lovelock’s theorem. Some
assumptions are:

@ Equivalence principle

@ General covariance: Invariant under diffeomorphisms and Local
Lorentz transformations.

@ Riemannian geometry: The connection is the Levi-Civita one.
@ 4-dimension

@ 2nd order derivatives: gravitational action contains only second
derivatives.

@ Locality
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Why modified gravity?

@ GR is not compatible with quantum field theory;
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using Planck data and direct model-independent measurements in
the local universe;
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Why modified gravity?

@ GR is not compatible with quantum field theory;
@ The cosmological constant A problem; Dark energy, dark matter.

@ The H, tension: 50 tension between current expansion rate Hy
using Planck data and direct model-independent measurements in
the local universe;

@ Big Bang singularity;

@ What is really the inflaton?

@ Strong gravity regime needs to be tested;

@ A good way to understand GR is to modify it;
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How to modify GR?

Non-Riemannian geometry Higher-order theories

Metric-affine Einstein-Cartan

gravity

Poincaré gauge gravity
Teleparallel theories

Quantum gravity theories

Hotava-Lifschitz String theory

Loop quantum Asymptotic
gravity safety

[Superg,ravity] [Ra.inbow gravity]

D-dimensional theories Tensor-vector-scalar theories
DGP (Binstein-Ather) (Proca theories)
Kaluza-Klein Beyond Horndeski

-igure: Classification of theories of gravity. (S. Bahamonde et.al., “Teleparallel Gravity: From
‘heory to Cosmology,” [arXiv:2106.13793 [gr-qc]].)



Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.
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Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
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Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
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Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental variables
are a metric g, (10 comp.) as well as the coefficients I'?,,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsion part Nonmetricity part
P A 1 A 7oA 1 N ]
uy — % + 5 w — L(p v) + 5 Q py Q(p V) ( )

Curvature |RM,p0 = 0pT o — 0o T up 4+ THrpl T pe — TH 6T,

Torsion THyp, =TFy, —THy,

Nonmetricity|Q v, = @“gl,p = Ougvp — f"wggp — T %ugve

o Tildes: General connection; Curvature/connection without tildes are
computed with the Levi-Civita.
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What does curvature geometrically represent?

Curvature tensor Ry,

Rotation experienced by a vector when it is parallel transported along
a closed curve
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What does torsion geometrically represent?

Torsion tensor 7,

non-closure of the parallelogram formed when two infinitesimal vectors
are parallel transported along each other.
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What does non-metricity geometrically represent?

Non-metricity tensor Q...

measures how much the length and angle of vectors change as we
parallel transport them, so in metric spaces the length of vectors is
conserve
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Some important special cases of metric-affine geometries

o Riemann-Cartan geometry (Qaﬂ,, = 0): If non-metricity vanishes, the
metric satisfies the metric-compatibility condition Vg, = 0. Poincaré
grvity assumes this geometry.
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Some important special cases of metric-affine geometries

@ Riemann-Cartan geometry (Qau,, = 0): If non-metricity vanishes, the
metric satisfies the metric-compatibility condition Vg, = 0. Poincaré
grvity assumes this geometry.

o Weyl gravity (T“w, = 0): If the torsion vanishes, the connection is
called symmetric I'?[,,,; = 0.

o General Teleparallel geometry (R, 3 = 0): In the case of vanishing
curvature, the connection is flat.
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Some important special cases of metric-affine geometries

o Riemannian geometry (7, = 0, Quu = 0): The connection is
symmetric and metric compatible, leading to I',,, =I'?,,,. GR and the
majority of the theories are here.
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majority of the theories are here.
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Some important special cases of metric-affine geometries

o Riemannian geometry (7, = 0, Quu = 0): The connection is
symmetric and metric compatible, leading to I',,, =I'?,,,. GR and the
majority of the theories are here.

o Torsional Teleparallel geometry (R,,..5 = 0, Qu, = 0): The metric
satisfies the metric-compatibility condition but torsion is non-zero.
This talk will be based on this.

o Symmetric Teleparallel geometry (2,5 = 0,7<, = 0): Both torsion
tensor and curvature are zero and the gravitational interactions are
only mediated through non-metricity.
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Tetrads and the spin connection

@ An alternative description of the metric-affine geometry outlined in
the preceding section is to use a tetrad e, and a spin connection
Wy
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Tetrads and the spin connection

@ An alternative description of the metric-affine geometry outlined in
the preceding section is to use a tetrad e, and a spin connection
%y

o Latin letters a,b =0, ..., 3 denote Lorentz indices, while small Greek

letters u, v = 0, ..., 3 denote spacetime indices (where numbers refer
to spacetime coordinates on the respective spaces).
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Tetrads and the spin connection

@ An alternative description of the metric-affine geometry outlined in
the preceding section is to use a tetrad e, and a spin connection
%y

o Latin letters a,b =0, ..., 3 denote Lorentz indices, while small Greek
letters u, v = 0, ..., 3 denote spacetime indices (where numbers refer
to spacetime coordinates on the respective spaces).

@ From the tetrad one constructs the Lorentzian metric via the relation

Metric and tetrads

b b
Juv = nabea,ue v g,u.z/ = 77a EJ' By

where 7., = diag(1, —1, —1, —1) denotes the Minkowski metric.
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Tetrads fields

The vectors (E4) form an orthonormal basis of the tangent space, i.e.,
g(Em Eb) = g;wEa”EbV = Tab -

Figure: Graphical representation of the tetrad, reduced to a 2 dimensional
model manifold. A coordinate basis (9., 9,) of the tangent space is, by
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Spin connection and tetrads

@ The frame coefficients E,,* are also required in order to calculate the
coefficients I'*,, of the affine connection from the spin connection
(Dabu via

D = Bo? (8% + %) |
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Spin connection and tetrads

@ The frame coefficients E,,* are also required in order to calculate the
coefficients I'*,, of the affine connection from the spin connection
(Dabu via

D = Bo? (8% + %) |

@ This is the unique affine connection satisfying the so-called “tetrad
postulate” ;

ey = GJ“bMeby — @5 = 0.
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Spin connection and tetrads

@ One advantage of the formulation in terms of a tetrad and spin
connection, is the fact that the curvature, torsion and non-metricity
become properties of the spin connection only, and are independent
of the choice of the tetrad.
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Spin connection and tetrads

@ One advantage of the formulation in terms of a tetrad and spin
connection, is the fact that the curvature, torsion and non-metricity
become properties of the spin connection only, and are independent
of the choice of the tetrad.

@ Then, we can define the curvature, torsion and nonmetricity as:

Ha L ~a ~a ~a ~cC ~a ~c
Rb,ul/~— nw bl/_al/w by+w cuW by — W W by
ma . a a ~a b ~a b

T%, == 0ue®y — Ope’y + W%ue’y — W' ey,

Q,uab = _naca)cbu - ch@ca” .
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Overview of the Talk

e Trinity of gravity
@ Trinity of gravity: GR, TEGR and STEGR.
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Trinity of gravity

As mentioned before, we can split the connection as
TP, =T, + Kf + LF, =T, + D", , 2)
where

1
', = 29" (Ov90p + Opgvo — Osgup) , Levi Civita connection

2
1
I = 3 (n*,+1T,*, —T",,), Contortion tensor
1
I g = 5 (@Q"vp — Q") — Q,t) , Disformation tensor .
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Trinity of gravity - curvature tensor

o The curvature becomes

Ruupa = Ruupa + vaﬂua' - VO'DlLllp + DquDTVO' - DuTU-DTVp o
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Trinity of gravity - curvature tensor

@ The curvature becomes
Ruupa = Ruupa + vaﬂua - VO'DMVp + Dqu-DTVO' - DMTG-DTVp o

@ Now, by contracting the curvature tensor to obtain the Ricci scalar
R = g" R?,,,, we find
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R = g" R?,,,, we find

Ricci scalar decomposition

R=R+ (T + QVM(\/—_ngp”)) + (Q +V,Q", — VVQM“”) +C
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Trinity of gravity - curvature tensor

@ The curvature becomes
Ruupa = Ruupa + vaﬂua - VO'DMVp + Dqu-DTVO' - DuTU-DTI/p o

@ Now, by contracting the curvature tensor to obtain the Ricci scalar
R = g" R?,,,, we find

Ricci scalar decomposition

R=R+ (T + QVM(\/—_ngp”)) + (Q +V,Q", — VVQM“”) +C

with
T := TP Ty, + 2TP T,y — AT,* TP* 5, Torsion scalar,

1 1 1 1
Q= = QaB,YQaﬁV L 5 Qoé,g,yQﬁoW + 1 Q.Q% — 3 QoQ° , Nonmetricity scalar ,
C = Q(anAT)\Kp + QPUO'TpKN _ QO-O'prKn) )
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Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that
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Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that

Ricci scalar GR

R=R+ (T = 20=7177) + (@ + V.Q¥5=V,G,") +£ = R.
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Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that

Ricci scalar GR

R=R+ (T = 20=7177) + (@ + V.Q¥5=V,G,") +£ = R.

@ Then, GR is constructed from the Ricci scalar

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 22/52



Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that

Ricci scalar GR

=R+ (T = 2% us=g17") + (Q+ VLQr=V,0,™) + £ = R.

@ Then, GR is constructed from the Ricci scalar

Einstein-Hilbert action

1
SGRz/[—ﬁR‘i‘Lm] \/_gd4fL'.
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Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that

Ricci scalar GR

=R+ (T = 2% us=g17") + (Q+ VLQr=V,0,™) + £ = R.

@ Then, GR is constructed from the Ricci scalar

Einstein-Hilbert action

1
SGR=/|:—ﬁR+Lm:| \/_gd4$.

where 2 = 877G and L, is any matter Lagrangian.

@ The Einstein’s field equations are obtained by taking variations w/r

. 1
to the metric: | Ry, — 5, = K2 T |
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)



Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=R+ (T+2Vu(\/—_gT”p“)> +M+E’,

e R=-T+V,(v/=gT",") := T + Br.
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=R+ <T+2Vu(\/—_gT”p“)> +M+E’,
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=R+ <T+2Vu(\/—_gT”p“)> +M+E,

e R=-T+V,(v/=gT",") := T + Br.

o Then, TEGR is constructed from the torsion scalar T'

1
STEGR = / [_ﬁT + Lm] ed*z.
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=R+ <T+2vu(\/—_ngp#)) +£Q+/V,M+E’,

e R=-T+V,(v/=gT",") := T + Br.

o Then, TEGR is constructed from the torsion scalar T'

1
STEGR = / [——T + Lm] ed*z.

2K2

@ Since R differs by T' by a boundary term By, the equations of
TEGR are equivalent to the Einstein’s field equations.
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Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that
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Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that

Ricci scalar TEGR

R=0=R+ (T L2V47177)) + (Q + V,uQ", — V.Qu") +£,

= R=-Q-V,Q,"" +V,Q", :=-Q+ Bg.
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Trinity of gravity - Symmetric Teleparallel equivalent of GR
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= R=-Q-V,Q,"" +V,Q", :=-Q+ Bg.

@ Then, STEGR is constructed from the nonmetricity scalar @

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 24/52



Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that

Ricci scalar TEGR

R=0=R+ (T L2V47177)) + (Q + V,uQ", — V.Qu") +£,

= R=-Q-V,Q,"" +V,Q", :=-Q+ Bg.

@ Then, STEGR is constructed from the nonmetricity scalar @

1
SSTEGR = / [_ﬁQ - Lm] V—gdiz.
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Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that

Ricci scalar TEGR

R=0=R+ (T L2V47177)) + (Q + V,uQ", — V.Qu") +£,

— R=-Q-V, Q)" +V,.Q", =-Q+ Bg.

@ Then, STEGR is constructed from the nonmetricity scalar @

1
SSTEGR = / [_ﬁQ - Lm] V—gdiz.

@ Since R differs by @ by a boundary term By, the equations of
STEGR are equivalent to the Einstein’s field equations.
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TEGR in flat spacetime STEGR

5Ly [diz/—gT 3 a o .o 2 — oy [/~
2 f g T+ QV/:,T“' =Q+ VIL(Q“ - Q/l') 2 f &

Geometrical trinity of gravity (S. Bahamonde et.al., “Teleparallel Gravity: From Theory
smology,” [arXiv:2106.13793 [gr-qc]].)



Overview of the Talk

e Metric-Affine gravity
o Gauge formalism
@ Dynamics
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Gauge formalism of Poincaré gauge gravity

(<) Poincaré~gauge gravity assumes zero nonmetricity
Qauwv = Vaguw = 0 and a manifold with curvature and torsion.
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Gauge formalism of Poincaré gauge gravity

(<) Poincaré~gauge gravity assumes zero nonmetricity
Qauv = Vaguw = 0 and a manifold with curvature and torsion.

@ A gauge approach to gravity arises naturally when the unitary
irreducible representations of relativistic particles labeled by their
spin and mass are linked to the geometry of the space-time.
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Gauge formalism of Poincaré gauge gravity

(<) Poincaré~gauge gravity assumes zero nonmetricity
Qo = Vaguw = 0 and a manifold with curvature and torsion.

@ A gauge approach to gravity arises naturally when the unitary
irreducible representations of relativistic particles labeled by their
spin and mass are linked to the geometry of the space-time.

@ Then, a gauge connection of the Poincaré group 150(1, 3) can be
introduced to describe the gravitational field as a gauge field of the
external rotations and translations.
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Gauge formalism of Poincaré gauge gravity

(<) Poincaré~gauge gravity assumes zero nonmetricity
Qauv = Vaguw = 0 and a manifold with curvature and torsion.

@ A gauge approach to gravity arises naturally when the unitary
irreducible representations of relativistic particles labeled by their
spin and mass are linked to the geometry of the space-time.

@ Then, a gauge connection of the Poincaré group 150(1, 3) can be

introduced to describe the gravitational field as a gauge field of the
external rotations and translations.

@ Not only an energy-momentum tensor of matter arises, but also a
nontrivial spin density tensor which operates as source of torsion
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spin and mass are linked to the geometry of the space-time.
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Gauge formalism of Poincaré gauge gravity

(<) Poincaré~gauge gravity assumes zero nonmetricity
Qauv = Vaguw = 0 and a manifold with curvature and torsion.

@ A gauge approach to gravity arises naturally when the unitary
irreducible representations of relativistic particles labeled by their
spin and mass are linked to the geometry of the space-time.

@ Then, a gauge connection of the Poincaré group 150(1, 3) can be
introduced to describe the gravitational field as a gauge field of the
external rotations and translations.

@ Not only an energy-momentum tensor of matter arises, but also a
nontrivial spin density tensor which operates as source of torsion—-
an extended correspondence between the geometry of the
space-time and the properties of matter.
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Gauge formalism of metric-affine geometry

@ The general case does not assume anything so one has a manifold
with curvature, torsion and nonmetricity.

Ew. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Gauge formalism of metric-affine geometry

@ The general case does not assume anything so one has a manifold
with curvature, torsion and nonmetricity.

o Affine group A(4,R) = R* ® GL(4, R) is the semiproduct of the
translation group R* and the general linear group GL(4, R). gauge
connection with an independent local metric structure':

Ay =€ Py +@%y,Le°,

b
Juv = e’ w€ viab -

Ew. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Gauge formalism of metric-affine geometry

@ The general case does not assume anything so one has a manifold
with curvature, torsion and nonmetricity.

o Affine group A(4,R) = R* ® GL(4, R) is the semiproduct of the
translation group R* and the general linear group GL(4, R). gauge
connection with an independent local metric structure':

Ay =€ Py +@%y,Le°,
G = € €% b -
@ Generators of the group A(4,R):
[Pa, P] =0,
(Lo’ P =i Py,
[La® Le?) =i (8 cLa? = 82 L®) .

Ew. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258, 1 (1995).
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Gauge formalism of metric-affine geometry

o it is possible to obtain the following gauge curvatures from the
anholonomic metric, coframe and connection:

Gabu = 8ugab — Yac w° bu — Gbe e ap s
L T —Bye“u—l-&)abueby —d)abyebu,

Fab;u/ :a,u(:}abz/_8V¢Dabp+a]acua)cbu_‘:Jacua]cby,-
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Gauge formalism of metric-affine geometry

o it is possible to obtain the following gauge curvatures from the
anholonomic metric, coframe and connection:

@ ~
Gabu = 8ugab —YGacW by — Gbe e ap s

7 zauea,,—a,,eau—l—&)abﬂeb,,—&abuebu,

Fab;w :8,u(:}ab1/_auajabp'i'a}acua}cbu_‘Ijacuajcbu-

@ Correspondence with the curvature, torsion and nonmetricity
tensors:

A _d
Gab,u = gacgbdec € pQ,u)\pa
A
Fa;w = e"\T Vi
DA
Jge bur  — YGbe e )\ech PUY +

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)
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Dynamics of metric-affine geometry

@ Gravitational action with dynamical torsion and nonmetricity:

5= [dov=g|tn - 1L R.T. Q)] ®
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Dynamics of metric-affine geometry

@ Gravitational action with dynamical torsion and nonmetricity:

5= [dov=g|tn - 1L R.T. Q)] ®

@ Correspondence between geometry and matter:

55,

Se = 1676, ", (4)
‘ESg = 167A%. (5)
&Uabl/

Here 0, " is the energy-momentum tensor (canonical) and A, % is
the hypermomentum density tensor.
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Dynamics of metric-affine geometry

@ Gravitational action with dynamical torsion and nonmetricity:

1 .
5= / e/ g [zm - L (RT.Q)| 3)
@ Correspondence between geometry and matter:
05 _ 1676, ", (4)
el ,
‘ng = 167A.%. (5)
00 gy,

Here 0, " is the energy-momentum tensor (canonical) and A, % is
the hypermomentum density tensor.

@ GL(4, R) group allows the definition of a large number of scalar
invariants depending on the aforementioned tensors.
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Dynamics of metric-affine geometry

@ General quadratic gravitational action with dynamical torsion and
nonmetricity:

5= [dev=g {.cm b [ R B 0 R+ a3 R R
+ s R pun R* M 4 a5 Ry M + a6 Ropuw R*P” + a7 R R¥M”
a4 CLSRWRW aF GQRWRW aF alORuuR“V A allRwRV” 4 alQRWRW
ate alSR;,WRWL + a R AWRP P as R AWRW + a1 R AWRW
+ 01T T + 0T T + 0T 0 T 7 + a1 To QY
2T Q" 1+ 3T\ Q™ 1+ d1Qru QM + daQp QMY

+dsQ  a Q"+ daQu AQ + ds@* Q™ ]} 6)
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Overview of the Talk

0 MAG models with dynamical torsion and nonmetricity
@ Spherical symmetry
@ Observational constraints
@ Axial symmetry
@ Including traceless part of nonmetricity
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MAG models with dynamical torsion and nonmetricity

@ In order to have a theory such that when T' = @ = 0 one recovers
GR, one can relate the constants.

28. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
3S. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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MAG models with dynamical torsion and nonmetricity

@ In order to have a theory such that when T' = @ = 0 one recovers
GR, one can relate the constants.

@ Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (Q»,.. = 9., W>)

1 S B, v
&= /d4xs/—g{£m + 50 [ — 4R — 6dy Ry [y RN
= 9d1R)\[pu,j]R‘u[>\up] G 8d1R[u,,]R[‘uu] ar % (32e1 + 8ez + 17d1) R* )\HVRP ™

= 7d1R[M,,] R A+ 3(1 - 2a2) T[)\M,,]T[Mw]} } . (7)

28. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
3S. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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MAG models with dynamical torsion and nonmetricity

@ In order to have a theory such that when T' = @ = 0 one recovers
GR, one can relate the constants.

@ Quadratic gravitational action with dynamical torsion and
nonmetricity in Weyl-Cartan geometry (Q»,.. = 9., W>)

_ 4. L _ _ > pAlopv]

S= /d aV=g{ L + = [~ 4R — 6di Rrppu R
— 9d1R)\[pu,,]R‘u[>\up] ap 8d1R[MV]R[‘uV] + % (3261 + 8es + 17d1) Rk )\HVRP P (2
= 7d1R[,W] R A+ 3(1 - 2a2) TP\W,]T[)\”V]} } . (7)

@ Absence of a general Birkhoff’s theorem in MAG: new spherically

and axially symmetric vacuum solutions with independent dynamical
torsion and nonmetricity fields?-3

28. Bahamonde and J. G. Valcarcel, JCAP 09, 057 (2020).
38. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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Spherical symmetry

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #2 = #12):

Legu = ,CgTA,u,, =LW,=0 = EﬁR)\pw, =0
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Spherical symmetry

@ Metric, torsion and nonmetricity in spherically symmetric
space-times (#2 + #8 + #2 = #12):
Legu = LT = LW, =0 = LeRypu =0

@ By solving these equations we find that torsion and nonmetricity
behave as
T'yp=a(r), T yp=0b(r), T%w, =f(r), T%.9 =g(r)
T 10, = e b 6, €ab d(1) , T "o, = e b 9, €ab N(T)
T 0.0, = €1 k(1) sinfy, T g9, = €xl(r) sindy,
Wy = (wyi(r), ws(r),0,0) ,

whereas the metric is in the standard spherically symmetric form:

dr?
W (r)

Here, €y, is the Levi-Civita symbol in two dimensions.

ds* = Uy (r) dt* — — 17 (b3 + sin® 01d63) .
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Spherical symmetry - Solving the field equations

The field egs are very involved. To solve them we use the following
strategy:
Q@ Imposing regularity: In general, the solutions can have a singular
behaviour. To ensure regularity, one can analyse the
torsion/nonmetricity tensors referred to the rotated basis 9 = A% ,e®.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 35/52



Spherical symmetry - Solving the field equations

The field egs are very involved. To solve them we use the following
strategy:
Q@ Imposing regularity: In general, the solutions can have a singular
behaviour. To ensure regularity, one can analyse the
torsion/nonmetricity tensors referred to the rotated basis 9 = A% ,e®.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 35/52



Spherical symmetry - Solving the field equations

The field egs are very involved. To solve them we use the following
strategy:

Q@ Imposing regularity: In general, the solutions can have a singular
behaviour. To ensure regularity, one can analyse the
torsion/nonmetricity tensors referred to the rotated basis 9 = A% ,e®.
One can write the gauge curvature F¢ ;. = 9%\t *9. VT v felated
to the torsion/nonmetricity tensor in this orthogonal coframe.
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Spherical symmetry - Solving the field equations

The field egs are very involved. To solve them we use the following
strategy:

Q@ Imposing regularity: In general, the solutions can have a singular
behaviour. To ensure regularity, one can analyse the
torsion/nonmetricity tensors referred to the rotated basis 9 = A% ,e®.
One can write the gauge curvature F¢ ;. = 9%\t *9. VT v felated
to the torsion/nonmetricity tensor in this orthogonal coframe.
Regularity restricts the initial arbitrariness of the torsion components
and the Weyl vector by imposing the relations

b(r) = a(r) V¥1(r)¥a(r),  f(r)=—g(r) V¥i(r)¥2(r),
d(r) = = h(r) V¥1(r)¥2(r), (r) =k(r) VV1(r)¥s(r),
—wa(r) V1 (r)Ta(r).

g
5
~—
=
S~—"
I
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Spherical symmetry - Solving the field equations

©Q Solve the weak field limit: The weak field limit of the field
equations become

Vo VAT |, +V,VPT 5 —V,V, T, =0,
V,.RM \ M =0.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 36/52



Spherical symmetry - Solving the field equations

©Q Solve the weak field limit: The weak field limit of the field
equations become

Vo VAT |, +V,VPT 5 —V,V, T, =0,
V,.RM \ M =0.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 36/52



Spherical symmetry - Solving the field equations

©Q Solve the weak field limit: The weak field limit of the field
equations become

Vo VAT |, +V,VPT 5 —V,V, T, =0,
V,.RM \ M =0.

These equations can be solved, yielding

_ / \Illr
N d \I/QT'

b(r) =rf'(r)+ f(r

Uy (r)
Us(r)’

where k4 is an integration constant which represents the dilaton
charge.
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Spherical symmetry - Solving the field equations

@ The final solution for the metric behaves as Reissner-Nordstrom

e (8)
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Spherical symmetry - Solving the field equations

@ The final solution for the metric behaves as Reissner-Nordstrom
om  dik2 — de1k?
gtt:_l/grrE\IJ(T):l—_‘Fs—Zd’e- (8)
T T
©Q Nonmetricity sector:

Rd,e
W, =

(1,—1/¥(r),0,0) . 9)
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Spherical symmetry - Solving the field equations

@ The final solution for the metric behaves as Reissner-Nordstrom

2 2
om  dikE — 4emd’e

= — 1 rr = \IJ = ]. - ° 8
gt /g (r) . + 2 (8)
©Q Nonmetricity sector:
Rd,e
W,u = (13_1/\11(71)5030) : (9)
© Torsion sector:
Sa=—%(1,1,0,0), (10)
0 0 0 0 0 0 2
=abe __ Hs 0 0 0 0 0 0 2
= 3r 0 0 1 0 0 10 (11)
0O -1 0 —-1 0 0 O
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Dilation and spin charges

What do &, (dilation charge) and x4 . (spin charge) physically
represent?

Point 1 - Hypermomentum density

In the geometric scheme of MAG, not only an energy-momentum
tensor of matter arises as source of curvature, but also a
hypermomentum density tensor which operates as source of torsion
and nonmetricity.
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Dilation and spin charges

What do &, (dilation charge) and x4 . (spin charge) physically
represent?

Point 1 - Hypermomentum density

In the geometric scheme of MAG, not only an energy-momentum
tensor of matter arises as source of curvature, but also a
hypermomentum density tensor which operates as source of torsion
and nonmetricity.

Point 2 - Dilation and spin charges

In Weyl-Cartan geometry, hypermomentum density tensor splits into
spin and dilation currents, which carry their own charges and provide a
RN solution.

v
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Dilation and spin charges

When these charges might be important?

Significant effects are contemplated only around extreme
gravitational systems, such as neutron stars with intense magnetic
fields and sufficiently oriented elementary spins or black holes
endowed with spin and dilation charges.
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Particle motion in MAG

@ The equations of motion of test bodies with microstructure coupled
to the torsion and nonmetricity tensors become?*

p+ T App)‘up + N PpPu? + ]:ZAPU FAPA T =0.

4D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D 76 (2007), 084025.
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Particle motion in MAG

@ The equations of motion of test bodies with microstructure coupled
to the torsion and nonmetricity tensors become?*

p+ T ,\pp>‘up + N PpPu? + ]:ZAPU FAPA T =0.

o This eq. reduces to the standard geodesic one (p* + I'* ,, p*u? = 0)
when the hypermomentum of the test body vanishes and also when
the particle are bosons.

4D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D 76 (2007), 084025.
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Particle motion in MAG

@ The equations of motion of test bodies with microstructure coupled
to the torsion and nonmetricity tensors become?*

p+ T ,\pp>‘up + N PpPu? + ]:ZAW FAPA T =0.

o This eq. reduces to the standard geodesic one (p* + I'* ,, p*u? = 0)

when the hypermomentum of the test body vanishes and also when
the particle are bosons.

@ Using the standard geodesic approach, we find
Lo _ _ _l 2 12 1 J_2 2
57 +V(r)=0, V(r) = 26E +2\I/(r)(r2 +oc” ),

where E an J are the conserved charges and o = 0(c = 1) represents
massless(massive) particles.

4D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D 76 (2007), 084025.
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Observational constrains

o Let us now consider the case where the effect of torsion dominates
over the contribution of nonmetricity.

5S. Bahamonde and J. Gigante Valcarcel, Eur. Phys. J. C 81 (2021) no.6, 495.
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Observational constrains

o Let us now consider the case where the effect of torsion dominates
over the contribution of nonmetricity.

@ Indeed, due to the presence of a magnetic field in white dwarfs, it is
expected that Sirius B can have sufficiently oriented elementary
spins in comparison with an effective dilation charge, therefore,

Ks,SiriusB = Kd,SiriusB-

58. Bahamonde and J. Gigante Valcarcel, Eur. Phys. J. C 81 (2021) no.6, 495.
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Observational constrains

@ Let us now consider the case where the effect of torsion dominates
over the contribution of nonmetricity.

@ Indeed, due to the presence of a magnetic field in white dwarfs, it is
expected that Sirius B can have sufficiently oriented elementary
spins in comparison with an effective dilation charge, therefore,
Ks,SiriusB = Kd,SiriusB-

@ Perihelion shift+ Gravitational redshift: Assuming the same

approximation in Sgr A* and considering the universality of the
coupling constant d;, we find®

1.396 - 1010 < fisSerAx g g8 1010

Rs,SiriusB

58. Bahamonde and J. Gigante Valcarcel, Eur. Phys. J. C 81 (2021) no.6, 495.
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Observational constrains

@ Let us now consider the case where the effect of torsion dominates
over the contribution of nonmetricity.

@ Indeed, due to the presence of a magnetic field in white dwarfs, it is
expected that Sirius B can have sufficiently oriented elementary
spins in comparison with an effective dilation charge, therefore,
Ks,SiriusB = Kd,SiriusB-

@ Perihelion shift+ Gravitational redshift: Assuming the same
approximation in Sgr A* and considering the universality of the
coupling constant d;, we find®

Rs,SgrAx*

1.396 - 10'° < < 1.688-10'.

Rs,SiriusB
@ To the best of our knowledge, this bound provides the first
observational comparison between the spin charges of a
supermassive black hole and a degenerate star.

5S. Bahamonde and J. Gigante Valcarcel, Eur. Phys. J. C 81 (2021) no.6, 495.
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Extension to axisymmetric space-times

@ Metric, torsion and nonmetricity tensors in symmetric space-times:

Legu = LT 0 = LeQY 0 =0 = LR, =0.
9w §L I 4L pp
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Extension to axisymmetric space-times

@ Metric, torsion and nonmetricity tensors in symmetric space-times:
Eggw, = £§T>‘ py = [fQA py = 0 = ﬁERA ppv = 0.
o Stationary and axisymmetric space-times:

ds? = Wy (r,9) di* — o

— 2T (r, ) [cw? +sin2 0(dp — Wa(r, 19)dt)2]

)

#10—>#4{

494 {T’\ =T (1, 9)

44 {Wu = (Wi(r, 9), W (r, 9), Wy (r, 9), W (r, 0)) .
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Axisymmetric space-times - Kerr-Newmann de-Sitter

o Rotating Kerr-Newman metric structure®:
72 + a? cos? ¥ dr?
(r2 + a2 cos2 9) ¥(r,d) + a2 sin® ¢
— (r® + a® cos® ¥) d¥* + 2a (1 — ¥(r,d)) sin® 9 dtdep
—sin® 9 [7‘2 +a® +a® (1 —U(r,9))sin’ V] de?, (12)

ds® = U(r,0) dt* —

[2mr + de1 (K3 o + K3 m) — d1k2]

U(r,d)=1-—
(r9) r2 4+ a2 cos2 ¥

(13)

6S. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
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Axisymmetric space-times - Kerr-Newmann de-Sitter

o Rotating Kerr-Newman metric structure®:
72 + a? cos? ¥ dr?
(r2 + a2 cos2 9) ¥(r,d) + a2 sin® ¢
— (r® + a® cos® ¥) d¥* + 2a (1 — ¥(r,d)) sin® 9 dtdep
—sin® 9 [7‘2 +a® +a® (1 —U(r,9))sin’ V] de?, (12)

ds® = U(r,0) dt* —

[2mr + de1(K3 . + fcﬁ,m) —dx /@Z]
r2 4+ a2 cos2 ¥ ’

(r,9) =1— (13)

o Field strength tensors:

1
R[W]— = ou Va5 + VAt wo; R =4V Wy

1
A A o
kR lwvpl = 5 olov V) S +V[u pV]+ 5 wd[ptl W]S

186(7,,,,/,;T1 S .

6S. Bahamonde and J. G. Valcarcel, JCAP 01 (2022) no.01, 011.
Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 43/52



Axisymmetric space-times - Kerr-Newmann de-Sitter

@ Nonmetricity sector:(no approx.)

Kd,e” — G Kd,m COS U

oayd) = 2 +atcos?d ' 2 (r,9) =0,
wa(r,¥) = — el : )
(r? 4 a2 cos2 9)¥(r, ) + a2 sin® 9
r2 4 q? Kd,er sin® 9
wa(r0) = biae (m cosv = 7) BRCETr=
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Axisymmetric space-times - Kerr-Newmann de-Sitter

@ Nonmetricity sector:(no approx.)

Kd,eT — @ Kd,m COS ¥

wi(r,9) = g R ws(r,9) =0,
Rd,eT
walr9) = = (r? + a? cos? 9) W (r, ) + a?sin®* 9’
r2 4 q? Ka,eT sin? 9
wa(r0) = biae (m cosv = 7) BRCETr=

@ Torsion sector (decoupling limit between the spin and the orbital
angular momentum |aks| < 1):

8= = "2(1,1,0,0) + Ofars)

0 00 0 0 2

’abc_& 0 0 0 0 0 2

=30 o1 o 1 0 |TObs)
0 -1 0 -1 0 0
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Gravitational spin-orbit interaction

@ We found a solution in the decoupling limit axs < 1, which ensures
that the Maxwell equation and closure conditions are fulfilled by the
field strength tensors of torsion

VAR gy = VuRFT =0, Vi, Rypuy = VipRpuy = 0.
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Gravitational spin-orbit interaction

@ We found a solution in the decoupling limit axs < 1, which ensures
that the Maxwell equation and closure conditions are fulfilled by the
field strength tensors of torsion

VAR lop] = VMR[W] =0, v[U}?A[pw/]] = V[/\}?[/u/]] =0.

Possible new effects in the decoupling limit

The dynamics of torsion and nonmetricity alters the geometry of the
space-time —-
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Gravitational spin-orbit interaction

@ We found a solution in the decoupling limit axs < 1, which ensures
that the Maxwell equation and closure conditions are fulfilled by the
field strength tensors of torsion

V,\]:Z’\ lopr] = VMR[W] =0, V[U]"é)\[pw/]] = v[/\}?[/u/]] =0.

Possible new effects in the decoupling limit

The dynamics of torsion and nonmetricity alters the geometry of the
space-time — Additional modifications provided by a strong coupling
between the orbital and the spin angular.

o Gravitational spin-orbit interaction:

8V S ~ dl 8gtt

1
Hisg = m_gr 5 LS~ 5WW€S cos ¥ (14)
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Extension to axisymmetric space-times - Plebanski-Damianski

@ It is well known that the most general axisymmetric system in
vacuum that can describe a BH type D in GR contains’:

Mass M

Angular momentum|a

—

Taub-NUT charge

Acceleration «

7J. F. Plebanski and M. Demianski, Annals Phys. 98 (1976), 98-127
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@ It is well known that the most general axisymmetric system in
vacuum that can describe a BH type D in GR contains’:

Mass M

Angular momentum|a

—

Taub-NUT charge

Acceleration «

@ Further, one can add a cosmological constant A and a electric
charge ¢. and magnetic charge q¢,,.

7J. F. Plebanski and M. Demianski, Annals Phys. 98 (1976), 98-127
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Extension to axisymmetric space-times - Plebanski-Damianski

@ It is well known that the most general axisymmetric system in
vacuum that can describe a BH type D in GR contains’:

Mass M

Angular momentum|a

—

Taub-NUT charge

Acceleration «

@ Further, one can add a cosmological constant A and a electric
charge ¢. and magnetic charge q¢,,.

@ The solution in GR is called Plebanski-Damianski solution.

7J. F. Plebanski and M. Demianski, Annals Phys. 98 (1976), 98-127
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Extension to axisymmetric space-times - Plebanski-Damianski

@ The Plebanski-Damianski metric was recently presented in an
improved form with A = 0 in by Podolsky and Vratny (Phys. Rev. D 104
(2021), 084078), and it can be written as

2
ds® = Q—Z(r,fé}){‘bl(r, 9) [dt — (asin® 9 + 21(x — cos¥)) d<p]2 — %
1\
— d—192 — Oy (1, 9) sinzﬁ[adt— (7’2 +a?+12+ 2xal) d‘P]z}-
cDQ(’/',’[9) ’

where ®;, Q) are cumbersome functions depending on these parameters.

85. Bahamonde, J. G. Valcarcel and L. Jarv, JCAP 04 (2022) no.04, 011.
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Extension to axisymmetric space-times - Plebanski-Damianski

@ The Plebanski-Damianski metric was recently presented in an
improved form with A = 0 in by Podolsky and Vratny (Phys. Rev. D 104

(2021), 084078), and it can be written as

. . dr?
ds? = Q~2(r, 19){(1)1(73 9) [dt — (asm2 O+ 21(x — cos9)) dp]” — Dy (r, 9)
_ B () sinO[adt — (12 + a® + 12 + 2xal) de]” |
Oy (r, ) ’ |

where ®;, Q) are cumbersome functions depending on these parameters.

@ We just found this new form with the cosmological constant® with

@1(7“, ’19) = pg)(r) , (I>2(T 19) 2((7“ 1)9) and

(r,?)
p*(r,9) =72 + (acosd +1)%. Here, Q(r), 2(?9) include the PD
quantities.
8S. Bahamonde, J. G. Valcarcel and L. Jarv, JCAP 04 (2022) no.04, 011.
47/52

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)



Extension to axisymmetric space-times - Plebanski-Damianski

@ We found a solution to OUR THEORY in the decoupling limit
|ziks] < 1 with x = (a,l, «) with additional torsion and nonmetricity
terms

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)



Extension to axisymmetric space-times - Plebanski-Damianski

@ We found a solution to OUR THEORY in the decoupling limit
|ziks] < 1 with x = (a,l, «) with additional torsion and nonmetricity
terms

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG)



Extension to axisymmetric space-times - Plebanski-Damianski

@ We found a solution to OUR THEORY in the decoupling limit
|ziks| < 1 with z = (a,l, @) with additional torsion and nonmetricity
terms

Kd,e” — Kd,m(acos? +1)
r2 4+ (acos9 +1)2

Kd,e” — Kd,m (a7 + 1)

AR Q)

, wa(r ) = —

s

cotﬁ—’ycscﬂ)Z
- S a 9

w3(n'-")=—'<d,m\JK(i9)— ( )

(7‘2 + a2 — l2) cosﬁ+alsin219+2xl (acos¥ + 1)

wy(r,9d) =k
4 ) d,m r2+(acos19+l)2 v
Kd,eT [a sin? 9 + 21 (x — cos 19)]
- 72 + (acos¥ +1)2 ’
_9 e I Qr) o Q(r) o Kssin® )
T ot = —T7 g¢sin“ 9 =—-T ‘p"‘pz(T‘,ﬁ) =T 0Tp2(r,19) sin® 9 = T-k(’)(m,ns).

@ Similarly as electromagnetism, the torsion behaves as a
Coulomb-like quantity depending on a spin charge s and the
non-metricity on the dilation charge xg.
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Extension with traceless part of nonmetricity - ongoing

@ All previous works assumed Weyl-Cartan gravity
(torsion+curvature+non-metricity only with Weyl part).
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Extension with traceless part of nonmetricity - ongoing

@ All previous works assumed Weyl-Cartan gravity
(torsion+curvature+non-metricity only with Weyl part).

@ The general MAG contains the complete @3, which can be
decomposed as

Weyl part  Traceless part

— —~ =
Q/\/w = g,uVW)\ + Q)\,uu > (15)
where
1 1 e
Q)\uu = g}\(/_LAI/) - ZQMVA)\ + g‘s)\pa(ugu) + D

where ¢, is the Levi-Civita (density) tensor
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Extension with traceless part of nonmetricity - ongoing

@ Further, we introduced:

4
5 (QV py Wu) ;

O\ = — |eP7Qpor +MVP (%Ap - Wp>] )

Ay =

3
Qv = Q()\p,u) - g(;wW)\) - Zg(;wAA) )

which constitute a vector, and two traceless and pseudotraceless tensors.
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Extension with traceless part of nonmetricity - ongoing

@ Further, we introduced:

4
5@ =W,

3
N R Al

A, =

3
Qv = Q()\/J.U) - g(;wW)\) - Zg(;wA)\) )

which constitute a vector, and two traceless and pseudotraceless tensors.

@ We are now finishing a paper where we found the first exact
spherically symmetric black hole solution with shears, having the form
of the metric

\Il('r') = 1 - 2_m . dlK'g — 461/2421 — 2f1H§h ,
T

(16)

r

where kg is the spin charge (torsion), 4 is the dilation charge (Weyl
part of nonmetricity) and kg, the shear charge (traceless part of
nonmetricity).
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Conclusions - Messages to home

o GR assumes different assumptions and there are some good
indications that GR should not be the final theory of gravity —-
modified gravity?
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Conclusions - Messages to home

o GR assumes different assumptions and there are some good
indications that GR should not be the final theory of gravity —-
modified gravity?

@ There are different ways of modifying GR, here | presented one
block regarding modifying the geometry to be different to
Riemannian geometry.

@ The geometrical quantities that appear have their own geometrical
meaning. In general, one can have an independent metric and affine
connection.

@ There are three alternative ways of representing gravity as GR and
they are indistinguishable at the classical level (GR, TEGR, STEGR).

@ The MAG are gauge theories of gravity with the field strength
tensors given by the curvature, torsion and nonmetricity.
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Conclusions

@ In the 1st paper we found an exact black hole solution in a MAG
theory with torsion and nonmetricity being dynamical and
independent.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 52/52



Conclusions

@ In the 1st paper we found an exact black hole solution in a MAG
theory with torsion and nonmetricity being dynamical and
independent.

@ In the 2nd paper, we studied the phenomenology of particle and
provided observational constrains for the charges.

Sebastian Bahamonde (*) Black holes in Metric-Affine Gravity (MAG) 52/52



Conclusions

@ In the 1st paper we found an exact black hole solution in a MAG

theory with torsion and nonmetricity being dynamical and
independent.

@ In the 2nd paper, we studied the phenomenology of particle and
provided observational constrains for the charges.

@ In the 3rd paper, we obtained an axially symmetric solution behaving
as a Kerr-Newman-de Sitter solution (in the decoupling limit).
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@ In the 2nd paper, we studied the phenomenology of particle and
provided observational constrains for the charges.

@ In the 3rd paper, we obtained an axially symmetric solution behaving
as a Kerr-Newman-de Sitter solution (in the decoupling limit).

@ In a 4th paper we found Plebanski-Demianski uniformly accelerated
rotating black hole solutions with NUT parameter, electromagnetic
charges and a A.
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Conclusions

@ In the 1st paper we found an exact black hole solution in a MAG
theory with torsion and nonmetricity being dynamical and
independent.

@ In the 2nd paper, we studied the phenomenology of particle and
provided observational constrains for the charges.

@ In the 3rd paper, we obtained an axially symmetric solution behaving
as a Kerr-Newman-de Sitter solution (in the decoupling limit).

@ In a 4th paper we found Plebanski-Demianski uniformly accelerated
rotating black hole solutions with NUT parameter, electromagnetic
charges and a A.

@ Future: search of a gravitational spin-orbit interaction in MAG
beyond the Kerr-Newman space-time (MAG is the main candidate to
describe a spin-orbit interaction beyond GR).
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