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arallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) is an alternative
and equivalent formulation of gravity from GR which uses
the tetrad formalism.

@ Tetrads (or vierbein) ef, are the linear basis on the
spacetime manifold, and at each point of the spacetime,
tetrads gives us basis for vectors on the tangent space.

o Notation: Greek letters: space-time indices; Latin letters:
tangent space indices. E,," is the inverse of the tetrad.

o Tetrads satisfy the orthogonality condition; E,,/e", = §7,
and E,,"e™,, = 4}, and the metric can be reconstructed via

Juv = nabeauebu s (1)

where 7, is the Minkowski metric.
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onnection in Teleparallel gravity

@ GR assumes zero torsion and non-zero curvature
(Levi-Civita connection) whereas TEGR assumes zero
curvature and non-zero torsion.

@ Then, TEGR has a different connection known as
“Weitzenbock connection”, defined as

Weitzenbock connection

f‘puy = EapDueaU E Eap(ayea,, S wabueb,,) .

o Here, w?%,, = A%.0,\ is the spin connection which is
purely gauge - measures inertial effects.
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rsion tensor

o By using the Weitzenbock connection connection, one can
express the torsion tensor as follows

Torsion tensor

0 = TP — 1T

@ The torsion tensor is generally non-vanishing, and
transforms covariantly under both diffeomorphisms and
local Lorentz transformations.

@ Remark: The pure tetrad formalism was the initial
framework used for TG, which chooses a specific frame
where the spin connection w?;,, vanishes. In this
formulation, one needs to be careful choosing the correct
tetrad which solves the antisymmetric field equations.
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globally flat:
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Flat condition in Teleparallel gravity

@ The Weitzenbdck connection I'”,,,, is related to the
Levi-Civita connection I'”,,,, via

Relationship between connections

fpu,u = Fpup + Kpm/ )

where K?,, = L(T,,*, + T,,”,, — T?,,)) is the contortion
tensor.

@ In this connection, it is easy to verify that the spacetime is
globally flat:

Curvature in Teleparallel gravity

Rab,ul/(wabﬂ) = auwabll - Vwabu + wacuwcbu - Wacuwcbu =0.
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Ricci theorem in Teleparallel gravity

@ By splitting the curvature tensor and contracting it with the
metric g"” R ww = R (Ricci scalar-general one), one gets

Ricci theorem final in TEGR

R=R+T-B=0—-R=-T+B,

where B = %@(eT“) is a boundary term in the action (see
later) and T" = 177, T, + 3T°,, T, — T*,, T, is the
scalar torsion.

Important remark here

The Ricci scalar computed from the Levi-Civita connection R
differs from the scalar torsion 7" by a boundary term B.
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leparallel equivalent of General Relativity action

o The TEGR action is formulated based on the torsion scalar
T, namely

STEGR = / [T + 2H2Lm] ed'z.

where k* = 87G, e = det(e) = \/—g and Ly, is any matter
Lagrangian.

@ T and the scalar curvature R differs by a boundary term B
as R = —-T + B so:

Equivalence between field equations

The teleparallel field equations are equivalent to the Einstein
field equations.
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Iwo different ways of understanding gravity

Equivalence on their field equations

VERY IMPORTANT POINT: TEGR has the same equations as
GR, so CLASSICALLY it is impossible to make any
observation to distinguish between them.

Validity of TEGR

VERY IMPORTANT POINT: All classical experiments already
done, that have confirmed GR, also can be understood as a
confirmation of TEGR.
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| A

What happens if we modify TEGR?

If we modify the TEGR action, a priori there is no equivalence
between modified theories from GR and modified Teleparallel
theories.

A\
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f(T) gravity

@ In analogy with f(f%) gravity, one can consider

f(T) gravity action

Sy = / f(M)ed's.

@ The torsion scalar T depends on the first derivatives of the
tetrads — Second order theory:

Not equivalency between f(R) and f(T)
Field equations of f(T') # Field equations of f(R)

@ The reason is the previous equation:

R o= ~T+20,(e1%,")
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Perturbed spherically symmetric solutions

f(T, B) gravity

o It is possible to extend this theory by adding more
invariants. One interesting theory is when one considers*

f(T, B) gravity action

Sr,p) = / f(T,B)ed's.

o If f(T,B) = f(~T + B) = f(R), one finds the f(R) theory
in the context of TEGR.

o If f(T,B)= f(T), one gets f(T) gravity

@ Other theories related to the boundary term such as
T + f(B) gravity.

*S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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o Let us assume a spherically symmetric spacetime whose
metric is
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where A(r) and B(r) are positive functions, which is
reproduced by the off-diagonal tetrad

VA 0 0 0
0  VBsin(0)cos(¢p) rcos(d)cos(¢) —rsin(0)sin(¢)
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rical symmetry in f(7T, B) gravity

o Let us assume a spherically symmetric spacetime whose
metric is

ds® = A(r)dt* — B(r)dr* — r2dQ?,

where A(r) and B(r) are positive functions, which is
reproduced by the off-diagonal tetrad

VA 0 0 0
- 0  VBsin(0)cos(¢p) rcos(d)cos(¢) —rsin(0)sin(¢)
K 0 VBsin(0) sin(¢) rcos(d)sin(¢)  rsin(f) cos(d)

0 VB cos(6) —rsin(0) 0

@ This tetrad is compatible with a vanishing spin connection
and also both T'= B = 0 for the Minkowski case (A =1
and B = 1).



New perturbed spherically symmetric solutions

rical symmetry in f(7T, B) gravity

For this tetrad, the f(7T', B) field equations yield

i g L rB(\/Efl)A’+A(rB'+QB3/2—QB)f rB' fr — 4B3%/2 (fio + f4.) + 4B 4,
2’{ (Baas 4 2r2 AB2 T 4rB2 ’
r2BA2 4 rA [TA/BI +4B3/2 A" — 2B(r A" + 4A')] +4A2(rB’ +2B3/2 — 2B)
8r2 A2 32 =
1"
G
28
1 1 r(VB —2)A" +2A(VB - 1) | rd’ +4A ,
“k’pr = —=f-— fr = B
2 4 2r2 AB 4r AB
—r2BA% 4 rA [4,4’8’ —aB3/2 A" 4 2B(r A" + 4A’)] — 442 (TB' +2B3/2 _ 23)
* 82 A232 i3

where primes denote differentiation with respect to the radial
coordinate, then, f7. = frrT" + frpB’ and fi; = fppB’ + freT’
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have been some attempts but none of them have found
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rbations around Schwarzschild

@ Finding new exact solutions is difficult in f(T, B), there
have been some attempts but none of them have found
physically interesting solutions so far.

@ Let us then assume that the background is described by

the Schwarzschild geometry and the perturbed coefficients
are first order corrections to this spacetime, namely,

A(r) = 1—¥+ea(r),
B(r) = (1—%)71—1—61)(7*)

Here € < 1 is a small tracking parameter.

S. Bahamonde and U. Camci, Symmetry 11 (2019) no.12, 1462 .



New perturbed spherically symmetric solutions

el studied

@ To include different power-law forms of the Lagrangian, let
us assume the following combination of power-law terms

f(T,B) =T+ e (aTt + BB™ +yB°T" + C(ET + xB)") ,

where «, 8,7, (, ¢, m, s,w and u are constants.
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@ To include different power-law forms of the Lagrangian, let
us assume the following combination of power-law terms

f(T,B) =T+ e (aTt + BB™ +yB°T" + C(ET + xB)") ,

where «, 8,7, (, ¢, m, s,w and u are constants.

@ The case g =~ = ¢ = 0 (power-law f(7")) was studied
before .

is. Bahamonde, K. Flathmann and C. Pfeifer, Phys. Rev. D 100 (2019) no.8,
084064 .
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rbations around Schwarzschild

@ By replacing f and taking the perturbed metric, we found
six different solutions depending on the parameters. We
split them into two cases:

Q Case1:(C=0,g=m=2)
Q f(T,B) =T + 3¢ (aT? + BB* + yB°T'~*), meaning
w=-s+1
® f(IB)=T+1 7€ (oT® + BB®> +vBT), meaning w = s = 1
@ f(T,B) =T+ 3¢ (aT? + BB* + vB°T), meaning
w=1s=2
® f(T,B)=T+ %e(
w=2,s=1
Q Case2:(a=8=v=0)
@ f(T,B) =T+ 3e((£T + xB)*, meaning u = 3
® f(T,B) =T+ 1e((¢T + xB)*, meaning u = 4

@ In this talk, | will only focus on Case 1.

oT? + BB* + yBT?), meaning



New perturbed spherically symmetric solutions
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@ The Cases 1a-1d have the following solutions:
Ar) = p?- 367 — (o + 130)° — 45u° + - (15 + 43p)u’

72(32(1 +358)u® + %(3301 +138)u? + 48 — é(lSa +8) — g

]

—2(a + ) (1 - 34) log #] +edy(r),

€

2(16a + 13p)

1
— -2 - _ —
B(r) = p *+ 2= D) [2(25(1 +378) — 4(a+ 2B)u 3
2(a+38) 4(a+pB) a—-118 28  2(a+ B)log(u) -
e * JI& + 6t +E +T] +eby(r),

where 2 =1 —2M/r.
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@ The Cases 1a-1d have the following solutions:
1 1 5 .
Alr)y = p*— (N [3/3N7 - 5(04 +138)ub — 4Bu® + 5(1504 + 438)u*
72(32(1 +358)u® + %(3301 +138)u? + 48 — é(lSa +8) — g

—2(a+6) (1-34%) logﬂ] +edy(r),

— =2 € 1 B _ 2(16a + 13p)
B(r) O [2 (250 +375) — A+ 28)p = ===
2(@+38)  4a+p)  a—-118 28  2(a+B)log(u) -
S E et T et t T] + eby(r),

where 2 =1 —2M/r.

@ a,(r) and b, (r) depend on the model. All the solutions are
asymptotically flat.
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rbed solutions

@ The Cases 1a-1d have the following solutions:
1 1 5 .

Alr)y = p*— (N [3/3N7 - 5(04 +138)ub — 4Bu® + 5(1504 + 438)u*

72(32(1 +358)u® + %(3301 +138)u? + 48 — é(lSa +8) — g

—2(a+6) (1-34%) logﬂ] +edy(r),

— =2 € 1 B _ 2(16a + 13p)
B(r) = up %+ = [2 (250 +375) — A+ 28)p = ===
2(@+38)  4a+p)  a—-118 28  2(a+B)log(u) -
S E et T et t T] + eby(r),

where 2 =1 —2M/r.

@ a,(r) and b, (r) depend on the model. All the solutions are
asymptotically flat.

@ Note that we have set the integrations constants in such a
way that one gets the correct limita = 0,6 =0upto 1/r



Phenomenology in f (T, B) gravity

o

@ Potential and Basic ingredients
@ Solar System Tests



Phenomenology in f (T, B) gravity

Jline, energy and momentum

@ We can write down the worldline ¢(7) of a test particle as
2L = gud"q” = A2 — B2 —r20? — r?sin® 09> = o,

where ¢ (1) = (t(7),r(7),0(7), ¢(7)), o = 1 (¢ = 0) for
massive particles (massless particles).
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line, energy and momentum

@ We can write down the worldline ¢(7) of a test particle as
2L = gud"q” = A2 — B2 —r20? — r?sin® 09> = o,

where ¢ (1) = (t(7),r(7),0(7), ¢(7)), o = 1 (¢ = 0) for
massive particles (massless particles).

@ By setting # = 7/2, we find that the conserved quantities,
energy k and momentum h become, respectively

E = aC.:ATE:<1W+€CL(T)>LZ,

r
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ntial

@ One gets the potential Eq:
2 +2V(r) =0,
where we have defined the potential as
1, ,/k® h?

@ By replacing the metric functions and expanding up to first
order in ¢, we get that the potential becomes

1 1 2M h?
Vi(r) = —5k2 +3 (1 = T) (72 +a)
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)n sphere and Shadow of the black hole

@ For circular photon orbits (o = 0) we must have that the
potential and its derivatives vanish, i.e., V = V' = 0.

@ We need to expand the radial (circular) coordinate
re =10+ €71, €nergy k = ko + € k; and angular momentum
h=ho+e€hy.

@ Then, one needs to solve order by order into the conditions
V=V=0.

@ After doing all this procedure, one gets the photon sphere
(photons are forced to travel in a orbit) which is related to
the shadow of the black hole. For each solutions, we have

0.141338« N 0.038204.3 . )
M M )

where 7., depends on the solution.

T:rGR+er€:3M+e(
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)n sphere and Shadow of the black hole

o the shadow of the black hole predicted by power-law
f(T, B) will be enlarged or reduced for each solution.

@ The term o72: the shadow of the black holes will be
enlarged (reduced) if & > 0 (o < 0).

@ The same happens for the vB? and yBT (Case 1b), i.e.,
when g,~ > 0 (8,v < 0), the shadow will be bigger.

@ On the contrary for the contributions vB7T? (Case 1c) and

vB?T (Case 1d), one needs v < 0 (v > 0) for a larger
(smaller) shadow.
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@ One can rewrite the potential equation as

172 1 1 [(dr\*  rt

@ One gets that the perihelion shift can be defined as

h

Ap=271n| —————-1] .
’ (wm )

@ For massive objects: we consider the potential V, V', V.
We evaluate the equations V (r.) = 0 and V'(r.) = 0 with
h=hg+ehy and k = kg + € k1. And then we replace this in
the above expressions up to first order in e.
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@ For all the perturbed solutions found in the previous
section, we find that the perihelion shift is given by

(q= M/TC)
A¢p = Ag¢gr+eAg.
6mq + 27mq? + 1357¢> + O(q*) +
1289 = 8¢*(a+108) = ¢*(194a + 11393)
(S + 7z o2

Q

+ WA%) :

(]

where Ag, is:
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elion shift

@ For all the perturbed solutions found in the previous

section, we find that the perihelion shift is given by

(= M/r.)

Ap = Adgr +€Ag.

~ 6mq+ 27mg® +1357g® + O(g*) +
128 8¢%(a+108) = ¢3(194a + 11398)
en( . 212 +7801)

where Ag, is:
@ Casela: v =0 (If o, 5 > 0, A¢ is bigger)
o Caselb: Ag, = 4 4 & g+ 1333 (If > 0, A¢ is bigger)

@ Caselc: Ag, = “2" (If v > O A¢ is smaller)
@ Caseld: Ag, = 56‘1 T (If v > 0, Ag is smaller)
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@ Following a similar computation as before, we find that the
deflection angle for all the models can be expressed as

9 =9gr +ede ~ - = -

A4M  M? (157 M3 /244 — 457
2 () (5
To

ro i

” {4M

™ ——= (160 + B) + v¥, ]

where 9, is:
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deflection angle for all the models can be expressed as

AM M2 (1 M3 244 — 45
9 = IR + eDe +2(5”4>+3(W)
o rg 4 T 6
AM?
+{155(16a+ﬂ)+'ﬂ9}

where 9, is:

@ Casela: v =0, Caselb: v, ~ 3ME - Cage 1c: Dy M

. 157 5 H TO )
Case 1d: 9., ~ 2
v T



Phenomenology in f (T, B) gravity

ction of light

@ Following a similar computation as before, we find that the
deflection angle for all the models can be expressed as

AM  M? (15 M3 /244 — 45
9 =Yg + €V~ +2(”4>+3(”)
o rg 4 T 6
4M3
+{155(16a+ﬂ)+'ﬂ9}

where 9, is:

@ Casela: v =0, Caselb: v, ~ 3ME - Cage 1c: Dy M

; 1575 'rO :
Case 1d: 9., ~ 22~
v o

@ For all the solutions, if the constants are positive, ¥ is
enlarged.
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@ The Shapiro effect represents the time correction for the
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@ The time retardation for all the solutions can be written as,
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iro Delay

The Shapiro effect represents the time correction for the
round trip of a radar signal that passes near a massive
object in the presence of gravity.

The time retardation for all the solutions can be written as,

ts(r,r0) = ts.ar(r.ro) +€ts.e(rro)
2r 7 SaM? M?
~ M[1+210g(—>——0}+6[74 pM” T | o
o T 31 g

where tg ., is:
Case la: v = 0, Case 1b: t5, ~ — 2L,

27‘7‘
Case 1c: tg, ~ 6 , Case 1d: tsva%.
The retardation of the light will be enlarged ifa>0,6<0

and v > 0 for Cases 1c-1d. For the Case 1b, one requires
~v < 0 for a larger ts.
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raining the models

For example, for the perihelion shift of Mercury, for GR the
computation gives

APaR Mercury =~ 0.1033 ”/cycles ~ 42,84 ”/cen .

The observed value is 42,98 4+ 0.040 ’/cen, SO A¢. must lie
between the error bars:

A¢e max ~ 0.18/cen .

For example, for the Case 1a, one gets that the maximum
value that the constants could be are

a+5.65x 1078 ~ 3.65 x 102 km?.

max
We did the same for all the Solar System tests to find the
maximum value for the constants (see more details about what
"data” we used in our paper)
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Model | Perihelion shift Deflection Light Cassini Shapiro delay Grav. redshift
Case 1a | |a+1038] S 10% | [a + 10718 S 10 [ a + 10718 <105 | [a — 10°8] < 102! | a + 1078 < 1022
Case 1b | [ -4 S 107 Il $10% Iyl $10% |-~ $10™ Il <107
Case 1c | [—1[ S 10 Il £10% Iyl < 10% Iy < 107 |- <10%
Case 1d | || £ 107 Il $10% Iyl 10" Iyl < 10™ -1 <10%

Constrains for the different solutions with different Solar System tests only considering the order of
magnitudes of the maximum values of the parameters. The values have dimensions of km2, km? depending on the
solutions, but we have omitted them here in order to safe space. For each case, we have rounded the numbers to
only show their order of magnitude. Cases 1b-1d also contain the same « and 3 contributions from Case 1a, but we
have omitted them for simplicity to only show the order of magnitude in . These contributions should also appear in
Cases 1b-1d in the same way in Case 1a.

@ Even though the numbers in the table look large, they are not dimensionless
quantity. Then, it may be made arbitrarily large or small by a simple change of
units.
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Model | Perihelion shift Deflection Light Cassini Shapiro delay Grav. redshift
Case 1a | |a+1038] S 10% | [a + 10718 S 10 [ a + 10718 <105 | [a — 10°8] < 102! | a + 1078 < 1022
Case 1b | [ -4 S 107 Il $10% Iyl $10% |-~ $10™ Il <107
Case 1c | [—1[ S 10 Il £10% Iyl < 10% Iy < 107 |- <10%
Case 1d | || £ 107 Il $10% Iyl 10" Iyl < 10™ -1 <10%

Constrains for the different solutions with different Solar System tests only considering the order of

magnitudes of the maximum values of the parameters. The values have dimensions of km2, km? depending on the
solutions, but we have omitted them here in order to safe space. For each case, we have rounded the numbers to

only show their order of magnitude. Cases 1b-1d also contain the same « and 3 contributions from Case 1a, but we
have omitted them for simplicity to only show the order of magnitude in . These contributions should also appear in
Cases 1b-1d in the same way in Case 1a.

@ Even though the numbers in the table look large, they are not dimensionless
quantity. Then, it may be made arbitrarily large or small by a simple change of
units.

@ One should clarify that if the order of magnitude is bigger, this would mean that

the constant can take much bigger values, and hence, the contribution coming

from that constant is much smaller.
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Conclusions

@ We have found 6 new spherically symmetric solutions
using perturbation methods around a Schwarzschild
background in f(T', B) gravity.

@ We computed 6 different Solar System tests for all the
models: photon sphere, perihelion shift, deflection of light,
Shapiro delay, Cassini experiment and Grav redshift.

@ In all the Solar System tests, the constraints are obtained

by comparing the extra leading order terms produced by
the particular phenomena against the analog GR term.
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Conclusions

@ The constraints from each of the tests gives a roughly
equal contribution to constraining the model parameters
despite the differences in the precision of the tests which is
an interesting feature of the results

@ The contributions vBT? and yB2T are much smaller than
aT?, 3B? and vBT.
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