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Theory and spherical symmetry
Perturbed spherically symmetric solutions

f(T ) gravity

In analogy with f(R̊) gravity, one can consider

f(T ) gravity action

Sf(T ) =

∫
f(T )e d4x .

The torsion scalar T depends on the first derivatives of the
tetrads→ Second order theory:

Not equivalency between f(R̊) and f(T )

Field equations of f(T ) 6= Field equations of f(R̊)

The reason is:

R = R̊+ T − 2

e
∂µ
(
eT σ µ

σ

)
= 0⇒ R̊ = −T +

2

e
∂µ
(
eT σ µ

σ

)
R̊ := −T +B
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f(T,B) gravity

It is possible to extend this theory by adding more
invariants. One interesting theory is when one considers∗

f(T,B) gravity action

Sf(T,B) =

∫
f(T,B)e d4x .

If f(T,B) = f(−T +B) = f(R̊), one finds the f(R̊) theory
in the context of TEGR.
If f(T,B) = f(T ), one gets f(T ) gravity
Other theories related to the boundary term such as
T + f(B) gravity.

∗S. Bahamonde, C. G. Böhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Spherical symmetry in f(T,B) gravity

Let us assume a spherically symmetric spacetime whose
metric is

ds2 = A(r)dt2 − B(r)dr2 − r2dΩ2 ,

where A(r) and B(r) are positive functions, which is
reproduced by the off-diagonal tetrad

eaµ =


√
A 0 0 0

0
√
B sin(θ) cos(φ) r cos(θ) cos(φ) −r sin(θ) sin(φ)

0
√
B sin(θ) sin(φ) r cos(θ) sin(φ) r sin(θ) cos(φ)

0
√
B cos(θ) −r sin(θ) 0

 .

This tetrad is compatible with a vanishing spin connection
and also both T = B = 0 for the Minkowski case (A = 1
and B = 1).
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Spherical symmetry in f(T,B) gravity

For this tetrad, the f(T,B) field equations yield

1

2
κ
2
ρ =

1

4
f +

rB(
√
B − 1)A′ +A(rB′ + 2B3/2 − 2B)

2r2AB2
fT −

rB′f ′B − 4B3/2 (f ′B + f ′T
)
+ 4Bf ′T

4rB2
,

+
r2BA′2 + rA

[
rA′B′ + 4B3/2A′ − 2B(rA′′ + 4A′)

]
+ 4A2(rB′ + 2B3/2 − 2B)

8r2A2B2
fB

+
f ′′B
2B

,

1

2
κ
2
pr = −

1

4
f −

r(
√
B − 2)A′ + 2A(

√
B − 1)

2r2AB
fT −

rA′ + 4A
4rAB

f
′
B

+
−r2BA′2 + rA

[
−rA′B′ − 4B3/2A′ + 2B(rA′′ + 4A′)

]
− 4A2

(
rB′ + 2B3/2 − 2B

)
8r2A2B2

fB

where primes denote differentiation with respect to the radial
coordinate, then, f ′T = fTTT

′+ fTBB
′ and f ′B = fBBB

′+ fTBT
′
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Perturbations around Schwarzschild

Finding new exact solutions is difficult in f(T,B), there
have been some attempts but none of them have found
physically interesting solutions so far.†

Let us then assume that the background is described by
the Schwarzschild geometry and the perturbed coefficients
are first order corrections to this spacetime, namely,

A(r) = 1− 2M

r
+ ε a(r) ,

B(r) =
(

1− 2M

r

)−1
+ ε b(r) .

Here ε� 1 is a small tracking parameter.

†S. Bahamonde and U. Camci, Symmetry 11 (2019) no.12, 1462 .
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Model studied

To include different power-law forms of the Lagrangian, let
us assume the following combination of power-law terms

f(T,B) = T +
1

2
ε (αT q + βBm + γBsTw + ζ(ξT + χB)u) ,

where α, β, γ, ζ, q,m, s, w and u are constants.
The case β = γ = ζ = 0 (power-law f(T )) was studied
before and presented in the previous talk by Christian
Pfeifer‡.

‡S. Bahamonde, K. Flathmann and C. Pfeifer, Phys. Rev. D 100 (2019) no.8,
084064 .
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Perturbations around Schwarzschild

By replacing f and taking the perturbed metric, we found
six different solutions depending on the parameters. We
split them into two cases:

1 Case 1: (ζ = 0, q = m = 2)
a f(T,B) = T + 1

2
ε
(
αT 2 + βB2 + γBsT 1−s), meaning

w = −s+ 1
b f(T,B) = T + 1

2
ε
(
αT 2 + βB2 + γBT

)
, meaning w = s = 1

c f(T,B) = T + 1
2
ε
(
αT 2 + βB2 + γB2T

)
, meaning

w = 1, s = 2
d f(T,B) = T + 1

2
ε
(
αT 2 + βB2 + γBT 2

)
, meaning

w = 2, s = 1

2 Case 2: (α = β = γ = 0)
a f(T,B) = T + 1

2
ε ζ(ξT + χB)3, meaning u = 3

b f(T,B) = T + 1
2
ε ζ(ξT + χB)4, meaning u = 4

In this talk, I will only focus on Case 1.
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Perturbations around Schwarzschild
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Perturbed solutions

The Cases 1a-1d have the following solutions:

A(r) = µ2 −
1

(µ2 − 1)2r2

[
3βµ7 −

1

2
(α+ 13β)µ6 − 4βµ5 +

1

2
(15α+ 43β)µ4

−
2

3
(32α+ 35β)µ3 +

1

2
(33α+ 13β)µ2 + 4βµ−

1

6
(13α+ β)−

β

µ

−2(α+ β)
(
1− 3µ2

)
log µ

]
+ ε ãγ(r) ,

B(r) = µ−2 +
ε

r2(µ2 − 1)

[1

2
(25α+ 37β)− 4(α+ 2β)µ−

2(16α+ 13β)

3µ

−
2(α+ 3β)

µ2
+

4(α+ β)

µ3
+
α− 11β

6µ4
+

2β

µ5
+

2(α+ β) log(µ)

µ4

]
+ ε b̃γ(r) ,

where µ2 = 1− 2M/r.

ãγ(r) and b̃γ(r) depend on the model. All the solutions are
asymptotically flat.
Note that we have set the integrations constants in such a
way that one gets the correct limit a1 = 0, b1 = 0 up to 1/r
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Potential

Similarly as Christian’s talk, one gets the potential Eq:

ṙ2 + 2V (r) = 0 ,

where we have defined the potential as

V (r) = −1

2
B−1

(k2

A
− h2

r2
− σ

)
.

By replacing the metric functions and expanding up to first
order in ε, we get that the potential becomes

V (r) = −
1

2
k2 +

1

2

(
1−

2M

r

)(
h2

r2
+ σ

)
+
ε

2

[
k2

(
a(r)

1− 2M
r

+ b(r)

(
1−

2M

r

))
− b(r)

(
σ +

h2

r2

)(
1−

2M

r

)2
]
.
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Photon sphere and Shadow of the black hole

For circular photon orbits (σ = 0) we must have that the
potential and its derivatives vanish, i.e., V = V ′ = 0.
We need to expand the radial (circular) coordinate
rc = r0 + ε r1, energy k = k0 + ε k1 and angular momentum
h = h0 + ε h1.
Then, one needs to solve order by order into the conditions
V = V ′ = 0.
After doing all this procedure, one gets the photon sphere
(photons are forced to travel in a orbit) which is related to
the shadow of the black hole. For each solutions, we have

r = rGR + ε rε = 3M + ε
(0.141338α

M
+

0.038204β

M
+ rγ

)
,

where rγ depends on the solution.
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Photon sphere and Shadow of the black hole

the shadow of the black hole predicted by power-law
f(T,B) will be enlarged or reduced for each solution.
The term αT 2: the shadow of the black holes will be
enlarged (reduced) if α > 0 (α < 0).
The same happens for the γB2 and γBT (Case 1b), i.e.,
when β, γ > 0 (β, γ < 0), the shadow will be bigger.
On the contrary for the contributions γBT 2 (Case 1c) and
γB2T (Case 1d), one needs γ < 0 (γ > 0) for a larger
(smaller) shadow.
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Perihelion shift

One can rewrite the potential equation as

1

2

ṙ2

φ̇2
+

1

φ̇2
V (r) =

1

2

(
dr

dφ

)2

+
r4

h2
V (r) = 0 .

One gets that the perihelion shifts can be defined as

∆φ = 2π

(
h

r2
c

√
V ′′(rc)

− 1

)
.

For massive objects: we consider the potential V, V ′, V ′′.
We evaluate the equations V (rc) = 0 and V ′(rc) = 0 with
h = h0 + ε h1 and k = k0 + ε k1. And then we replace this in
the above expressions up to first order in ε.
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Perihelion shift

For all the perturbed solutions found in the previous
section, we find that the perihelion shift is given by
(q = M/rc)

∆φ = ∆φGR + ε∆φε

≈ 6πq + 27πq2 + 135πq3 +O(q4) +

ε π
(12βq

r2c
+

8q2(α+ 10β)

r2c
+
q3(194α+ 1139β)

2r2c
+ γ∆φγ

)
,

where ∆φγ is:
Case 1a: γ = 0 (If α, β > 0, ∆φ is bigger)

Case 1b: ∆φγ = 44q2

r2c
+ 6q

r2c
+ 1333q3

4r2c
(If γ > 0, ∆φ is bigger)

Case 1c: ∆φγ = −112q3

r4c
(If γ > 0, ∆φ is smaller)

Case 1d: ∆φγ = −56q3

r4c
(If γ > 0, ∆φ is smaller)
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Deflection of light

We can define the minimal distance r0 using ṙ(r0) = 0
(V (r0) = 0) and then using the potential one gets that the
deflection of light from a radius r0 to r is

dφ

dr
=
φ̇

ṙ
= ±

h

r2
√
−2V (r)

⇒ φ(r) = ±
∫ r

r0

dr̄
B(r̄)1/2

r̄2

( A(r0)

r20A(r̄)
−

1

r̄2

)−1/2
.

Now, we need to replace the metric and expand up to first
order in ε.
After this, we assume that r, r0 � 1 and we consider only
the leading term for each constant contribution.
Then, one can integrate and it is sufficient to then assume
r � r0 to find the deflection of light in the Solar System
due to the Sun.
Note: the so-called deflection of light is ϑ = 2φ− π
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dφ

dr
=
φ̇

ṙ
= ±

h

r2
√
−2V (r)

⇒ φ(r) = ±
∫ r

r0

dr̄
B(r̄)1/2

r̄2

( A(r0)

r20A(r̄)
−

1

r̄2

)−1/2
.

Now, we need to replace the metric and expand up to first
order in ε.
After this, we assume that r, r0 � 1 and we consider only
the leading term for each constant contribution.
Then, one can integrate and it is sufficient to then assume
r � r0 to find the deflection of light in the Solar System
due to the Sun.
Note: the so-called deflection of light is ϑ = 2φ− π
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Deflection of light

The deflection angle for all the models can be expressed
as

ϑ = ϑGR + ε ϑε ≈ 4M

r0
+
M2

r20

(
15π

4
− 4

)
+
M3

r30

(244− 45π

6

)
+ε
[4M3

15r50
(16α+ β) + γϑγ

]
,

where ϑγ is:

Case 1a: γ = 0, Case 1b: ϑγ ≈ 34M3

15r50
, Case 1c: ϑγ ≈ 4M4

rr70
,

Case 1d: ϑγ ≈ 2M4

rr70

For all the solutions, if the constants are positive, ϑ is
enlarged.
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Shapiro Delay

The Shapiro effect represents the time correction for the
round trip of a radar signal that passes near a massive
object in the presence of gravity
To find this, one needs to calculate the time required for a
radial signal from two different points r0 to r, which gives

t(r, r0) =

r∫
r0

dr̄
√
−2V (r̄) =

r∫
r0

dr̄
[(

1−
r20A(r0)

r̄2A(r̄)

)
A(r̄)

B(r̄)

]−1/2
.

Then, we expand up to first order in ε and then we
assumed (r, r0 � 1)
The so-called retardation of light (or Shapiro delay) is then
defined as

tShapiro(r, r0) = t(r, r0)−
√
r2 − r20 ,

For the ε contribution, we also took the final approximation
r � r0 (this is sufficient in S.S.)
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Shapiro Delay

The time retardation for all the solutions can be written as,

tS(r, r0) = tS,GR(r,r0) + ε tS,ε(r,r0)

≈ M
[
1 + 2 log

(2r

r0

)
− r0

r

]
+ ε
[8αM3

3r40
− βM2

rr20
+ γ tS,γ

]
,

where tS,γ is:

Case 1a: γ = 0, Case 1b: tS,γ ≈ − M2

2rr20
,

Case 1c: tS,γ ≈ 2M4

rr60
, Case 1d: tS,γ ≈ M4

rr60
.

The retardation of the light will be enlarged if α > 0, β < 0
and γ > 0 for Cases 1c-1d. For the Case 1b, one requires
γ < 0 for a larger tS.
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Cassini experiment

It was found that the fractional frequency shift y of a
system composed of Earth-spacecraft-Earth (in a weak
field limit) is given by

y = 2
vCassinilEarth + vEarthlCassini

lEarth + lCassini
ϑ ,

where ϑ is the deflection angle for the light, lEarth, lCassini are the
distances from the Earth to the Sun and the Cassini spacecraft
to the Sun, and vEarth, vCassini are the transverse velocities of the
of the Earth and the Cassini spacecraft, respectively.
Then, for the general form of y for each model can be
written as

y = yGR + ε yε ≈
8M

r0
vEarth + ε

(8M3(16α+ β)

15r50
+ γyγ

)
vEarth .

where yγ depends on the model.
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Gravitational redshift

Let us suppose that light is propagating at different heights
r1 and r2 (r1 < r2). Then, the gravitational redshift is given
by

z ≡ ν2

ν1
− 1 =

√
A(r2)

A(r1)
− 1 ,

where ν1 and ν2 are the frequencies measured from r1 and
r2 respectively
Following the same idea as before, we found(ν2
ν1

)
≈
(ν2
ν1

)
GR

+ ε
[2

5
M3α

(
r−5
1 − r−5

2

)
+ βM2

(
r−4
1 − r−4

2

)
+ γ
(ν2
ν1

)
γ

]
,

where (ν2/ν1)γ is tS,γ is:

Case 1a: γ = 0, Case 1b: (ν2/ν1)γ ≈ M2

2

(
r−4

1 − r
−4
2

)
,

Case 1c: (ν2/ν1)γ ≈ 2M4
(
r−8

1 − r
−8
2

)
,

Case 1d: (ν2/ν1)γ ≈M4
(
r−8

1 − r
−8
2

)
.
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Constraining the models

For example, for the perihelion shift of Mercury, for GR the
computation gives

∆φGR,Mercury ≈ 0.1033 ”/cycles ≈ 42, 84 ”/cen .

The observed value is 42, 98± 0.040 ”/cen, so ∆φε must lie
between the error bars:

∆φε,max ≈ 0.18 ”/cen .

For example, for the Case 1a, one gets that the maximum
value that the constants could be are∣∣∣α+ 5.65× 107β

∣∣∣
max
≈ 3.65× 1020 km2 .

We did the same for all the Solar System tests to find the
maximum value for the constants (see more details about what

”data” we used in our paper)
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Summary of results - Max. values

Model Perihelion shift Deflection Light Cassini Shapiro delay Grav. redshift
Case 1a |α+ 108β| . 1020 |α+ 10−1β| . 1019 α+ 10−1β . 1023 |α− 103β| . 1021 α+ 109β . 1022

Case 1b | − γ| . 1013 |γ| . 1020 |γ| . 1023 | − γ| . 1018 |γ| . 1013

Case 1c | − γ| . 1042 |γ| . 1039 |γ| . 1043 |γ| . 1040 | − γ| . 1038

Case 1d |γ| . 1043 |γ| . 1039 |γ| . 1043 |γ| . 1041 | − γ| . 1039

Table: Constrains for the different solutions with different Solar System tests only considering the order of
magnitudes of the maximum values of the parameters. The values have dimensions of km2, km4 depending on the
solutions, but we have omitted them here in order to safe space. For each case, we have rounded the numbers to
only show their order of magnitude. Cases 1b-1d also contain the same α and β contributions from Case 1a, but we
have omitted them for simplicity to only show the order of magnitude in γ. These contributions should also appear in
Cases 1b-1d in the same way in Case 1a.

Even though the numbers in the table look large, they are not dimensionless
quantity. Then, it may be made arbitrarily large or small by a simple change of
units.

One should clarify that if the order of magnitude is bigger, this would mean that

the constant can take much bigger values, and hence, the contribution coming

from that constant is much smaller.
25 / 28



25/28

New perturbed spherically symmetric solutions
Phenomenology in f(T,B) gravity

Conclusions

Potential and Basic ingredients
Solar System Tests

Summary of results - Max. values

Model Perihelion shift Deflection Light Cassini Shapiro delay Grav. redshift
Case 1a |α+ 108β| . 1020 |α+ 10−1β| . 1019 α+ 10−1β . 1023 |α− 103β| . 1021 α+ 109β . 1022

Case 1b | − γ| . 1013 |γ| . 1020 |γ| . 1023 | − γ| . 1018 |γ| . 1013

Case 1c | − γ| . 1042 |γ| . 1039 |γ| . 1043 |γ| . 1040 | − γ| . 1038

Case 1d |γ| . 1043 |γ| . 1039 |γ| . 1043 |γ| . 1041 | − γ| . 1039

Table: Constrains for the different solutions with different Solar System tests only considering the order of
magnitudes of the maximum values of the parameters. The values have dimensions of km2, km4 depending on the
solutions, but we have omitted them here in order to safe space. For each case, we have rounded the numbers to
only show their order of magnitude. Cases 1b-1d also contain the same α and β contributions from Case 1a, but we
have omitted them for simplicity to only show the order of magnitude in γ. These contributions should also appear in
Cases 1b-1d in the same way in Case 1a.

Even though the numbers in the table look large, they are not dimensionless
quantity. Then, it may be made arbitrarily large or small by a simple change of
units.

One should clarify that if the order of magnitude is bigger, this would mean that

the constant can take much bigger values, and hence, the contribution coming

from that constant is much smaller.
25 / 28



26/28

New perturbed spherically symmetric solutions
Phenomenology in f(T,B) gravity

Conclusions

Outline

1 New perturbed spherically symmetric solutions
Theory and spherical symmetry
Perturbed spherically symmetric solutions

2 Phenomenology in f(T,B) gravity
Potential and Basic ingredients
Solar System Tests

3 Conclusions

26 / 28



27/28

New perturbed spherically symmetric solutions
Phenomenology in f(T,B) gravity

Conclusions

Conclusions

We have found 6 new spherically symmetric solutions
using perturbation methods around a Schwarzschild
background in f(T,B) gravity.
We computed 6 different Solar System tests for all the
models: photon sphere, perihelion shift, deflection of light,
Shapiro delay, Cassini experiment and Grav redshift.
In all the Solar System tests, the constraints are obtained
by comparing the extra leading order terms produced by
the particular phenomena against the analog GR term.
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