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orsion tensor

@ The field strength in TG is the torsion tensor that is defined
as the antisymmetric part of the Weitzenbdck connection
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@ The torsion tensor is generally non-vanishing, and transforms
covariantly under both diffeomorphisms and local Lorentz
transformations (by a simultaneous transformation in the spin
connection).
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| scalar and torsion scalar

@ By splitting the curvature tensor and contracting it with the
metric g"* R* ww = R (Ricci scalar-general one), one gets
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@ By splitting the curvature tensor and contracting it with the
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Torsion scalar and boundary term
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Introduction to Teleparallel theories of gravity

Ricci scalar and torsion scalar

@ By splitting the curvature tensor and contracting it with the
metric g"* R* ,, = R (Ricci scalar-general one), one gets

Ricci scalar Levi-Civita and torsion scalar

R=R+T-B=0—>R=-T+B.

@ Here, the we have defined (with e = det(e?,) = \/—g)

Torsion scalar and boundary term

1 1 2
T = 317D + ST0w T ) =TT B = —0,(eT7)).

@ The Ricci scalar computed from the Levi-Civita connection R
differs from the scalar torsion 7" by a boundary term B.
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parallel equivalent of General Relativity action

o The TEGR action is formulated based on the torsion scalar
T, namely
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leleparallel equivalent of General Relativity action
o The TEGR action is formulated based on the torsion scalar
T, namely

Teleparallel equivalent of General Relativity action
1

2K2

STEGR = / [——T + Lm] ed*z .

where k? = 87G and L,, is any matter Lagrangian.

@ T and the scalar curvature R differs by a boundary term B as
R=-T+ B so:
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Introduction to Teleparallel theories of gravity

leleparallel equivalent of General Relativity action

o The TEGR action is formulated based on the torsion scalar
T, namely

Teleparallel equivalent of General Relativity action
1

STEGR = / [——T + Lm] ed*z .

2K2

where k? = 87G and L,, is any matter Lagrangian.

@ T and the scalar curvature R differs by a boundary term B as
R=-T+ B so:

Equivalence between field equations

The field equations arising from Stgggr are equivalent to the
Einstein field equations.
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Black holes in torsional teleparallel gravity

ries with scalar torsion and boundary term - (T, B)

o One interesting modified TG theory is when one considers'

'S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Theories with scalar torsion and boundary term - (T, B)

o One interesting modified TG theory is when one considers'

f(T, B) gravity action

Syr,p) = / f(T,B)ed'x.

o If f(T,B) = f(—T + B) = f(R), one finds the f(R) theory in
the context of TEGR.
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. . . Theories with scalar torsion and boundary term
Black holes in torsional teleparallel gravity

Theories with scalar torsion and boundary term - (T, B)

o One interesting modified TG theory is when one considers'

f(T, B) gravity action

Syr,p) = / f(T,B)ed'x.

o If f(T,B) = f(—T + B) = f(R), one finds the f(R) theory in
the context of TEGR.

o If f(T,B) = f(T), one gets f(T') gravity

@ There has been quite a lot of study about this theory in the
last years.

'S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10,
104042
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Jd equations and spherical symmetry

@ The separate tetrad and spin connection variations produce
the field equations
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Black holes in torsional teleparallel gravity

Jd equations and spherical symmetry

@ The separate tetrad and spin connection variations produce
the field equations

W) = 5O,
W[;U/] = |:(8pr) + (apr)] S[upl/} X Tp[uuap](fT + fB) =0.

@ The three equations of motion obtained are not fully
independent of each other.
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Black holes in torsional teleparallel gravity

equations and spherical symmetry

@ The separate tetrad and spin connection variations produce
the field equations

W) = 5O,
W[w/] = |:(8pr) + (apr)] S[upl/} X Tp[uuap](fT + fB) =0.

@ The three equations of motion obtained are not fully
independent of each other.

@ The antisymmetric field equation coincides with the spin
connection equation.
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Black holes in torsional teleparallel gravity

chi identities

o In GR the relation among the field egs corresponds to the
Bianchi identity R g/y,.,) = 0, which leads to covariant
conservation of the Einstein tensor.
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hi identities

@ In GR the relation among the field eqs corresponds to the
Bianchi identity éaﬁw;y] = 0, which leads to covariant
conservation of the Einstein tensor.

@ The diffeomorphism invariance of the action is then invariance

under
eAM — e, —e,0,¢" — ("0,e”,,
which for the equations of motion W#* = 0 with
2 25
€ u
implies the following simple relation:
VW 4 Kl 0 = 0.
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Black holes in torsional teleparallel gravity

hi identities

o In GR the relation among the field egs corresponds to the
Bianchi identity R g/y,.,) = 0, which leads to covariant
conservation of the Einstein tensor.

@ The diffeomorphism invariance of the action is then invariance
under

eAM — e, —e,0,¢" — ("0,e”,,
which for the equations of motion W#* = 0 with
2 25
€ u
implies the following simple relation:
VW 4 Kl 0 = 0.

@ Thus, in f(T, B) gravity, if the antisymmetric part of equations is
satisfied, then the covariant divergence of equations of motion
vanishes identically.
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Black holes in torsional teleparallel gravity

d equations and spherical symmetry

Killing egs:

L:Z<€A# = — )\?BGB o ,CZCLUA By = 8u)\?3 +CUA C,u)\?B — wc Bﬂ)\?c o

2M. Hohmann, L. Jarv, M. Kré8ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8,
084002

Sebastian Bahamonde



Black holes in torsional teleparallel gravity

Jd equations and spherical symmetry

Killing egs:

£Z<€A# = — )\?BeB o ,CZ(LUA By = 8u)\?3 +CUA C,u)\?B — wc Bﬂ)\?c o

By solving these egs in the Weitzenbdck gauge we find?

Gy Cs 0 0
A Cssindcosg Cysindcosy Cscostcosp — Cosing  —sint(Cs sing + Cg cos ¥ cos )
V7| Cssindsing Cysindsing Cscosdsing + Cgcosp  sindd(Cs cos o — Cg cosd sin )
C53cos v Cycost —Cj5sind Cg sin® 9

where the six free functions C; = C;(¢,7) (I = 1,..6) can
depend on time and the radial coordinate

2M. Hohmann, L. Jarv, M. Kré8ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8,
084002
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Black holes in torsional teleparallel gravity

Ing antisymmetric field equations

There are two different tetrads which solve the antisymmetric
field equation and they have the same metric®

A(r) 0 0 0
A 0 B(r)sindcosep Ercosdcosp —résindsinp -1
Cyr = 0 B(r)sin¥sing Ercosdsing  Ersindcosp » E==+1,
0 B(r) cos ¥ —r&sind 0
0 iB(r) 0 0
A 1 A(r) sin ¥ cos ¢ 0 —rsing —rsinYcos ¥ cos ¢
C@r = [ sA(r)sin9sing 0 Xrcosp —rsind cosVsin )
1 A(r) cos 9 0 0 rsin? 9

ds? = A(r)2dt? — B(r)2dr? — r2d02?.

3s. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01
(2022) no.01, 037
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Black holes in torsional teleparallel gravity

g antisymmetric field equations

There are two different tetrads which solve the antisymmetric
field equation and they have the same metric®

A(r) 0 0 0
A 0 B(r)sindcosep Ercosdcosp —résindsinp — 11
Cuyr = 0 B(r)sin¥sing Ercosdsing  Ersindcosp , =41,
0 B(r) cos ¥ —r&sind 0
0 iB(r) 0 0
A 1 A(r) sin ¥ cos ¢ 0 —rsing —rsinYcos ¥ cos ¢
C@* T | iA(r)sindsin 0 xrcosp —rsindcos¥sing |’
1 A(r) cos 9 0 0 rsin? 9

ds? = A(r)2dt? — B(r)2dr? — r2d02?.

The phenomenology of these two tetrads will be different! We
found exact solutions for different f.

3s. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01
(2022) no.01, 037
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Black holes in torsional teleparallel gravity

e remarks about the tetrads

° eé) « has been derived before but different papers did not

notice that £ = +1 has a different value of T', B than £ = —1
and then different predictions.
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and then different predictions.

@ Minwkoski: If ¢ = +1, the T — 0 for A(r), B(r) — 1 whereas
one needs to take a "weird” Minwkoski limit A(r), B(r) — —1
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@ For the complex tetrad, all the quantities (torsion tensor,
scalars, etc) are real.
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Black holes in torsional teleparallel gravity

e remarks about the tetrads

° eé) « has been derived before but different papers did not
notice that £ = +1 has a different value of T', B than £ = —1
and then different predictions.

@ Minwkoski: If ¢ = +1, the T — 0 for A(r), B(r) — 1 whereas
one needs to take a "weird” Minwkoski limit A(r), B(r) — —1
togetT — 0 for& = —1.

@ For the complex tetrad, all the quantities (torsion tensor,
scalars, etc) are real.

@ Since we couple matter with the metric, these imaginary
terms are not seen, so nothing is wrong with it.
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Black holes in torsional teleparallel gravity

tions for the complex tetrad

@ The symmetric field egs for eé)u are simpler. We found
perturbed solutions around Schwarzschild for any power law
f(T,B).
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lons for the complex tetrad

@ The symmetric field egs for eé)u are simpler. We found
perturbed solutions around Schwarzschild for any power law
f(T, B).

@ One can use the Bianchi identities to find that for any form of f,
the metric functions MUST respect
VAW AT — A+ AGP

+ :

Alr)

B(r) =
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Black holes in torsional teleparallel gravity

lons for the complex tetrad

@ The symmetric field egs for eé)u are simpler. We found
perturbed solutions around Schwarzschild for any power law
f(T, B).

@ One can use the Bianchi identities to find that for any form of f,
the metric functions MUST respect
VAW AT — A+ AGP

+ :

A(r)

@ This condition reduces the number of unknown from three (A, B
and f(T)) to two (A(r) and f) which can be obtained by using
the rr field eq:

B(r) =

(22—T) A2 — g,

r
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ons for the complex tetrad

@ The symmetric field egs for eé)u are simpler. We found
perturbed solutions around Schwarzschild for any power law

f(T,B).
@ One can use the Bianchi identities to find that for any form of f,
the metric functions MUST respect

VAN AT AT AP
+ .
A(r)
@ This condition reduces the number of unknown from three (A, B
and f(T)) to two (A(r) and f) which can be obtained by using

the rr field eq:
<2 —T) ry+ 18 .

72 2
@ Thus, one can choose a f and solve the above equation or one
can choose A(r) and find the f satisfying that choice.
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ons for the complex tetrad

@ The symmetric field egs for eé)u are simpler. We found
perturbed solutions around Schwarzschild for any power law
f(T, B).

@ One can use the Bianchi identities to find that for any form of f,
the metric functions MUST respect
VAW AT — A+ AGP

+ :

A(r)

@ This condition reduces the number of unknown from three (A, B

and f(T)) to two (A(r) and f) which can be obtained by using

the rr field eq:
<2 —T) ry+ 18 .

r2 2

B(r) =

@ Thus, one can choose a f and solve the above equation or one
can choose A(r) and find the f satisfying that choice.
@ Using these two approaches, we found exact solutions.
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Black holes in torsional teleparallel gravity

tions for the complex tetrad - similar RN

@ The first interesting black hole one is

ds? = (1 = g I %)dtQ = (W)_ldTQ —r2dQ?,

which looks like Reissner—Nordstrom but it does not have
git = _l/grr-
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tions for the complex tetrad - similar RN

@ The first interesting black hole one is

2M Q 2Mr — Q —r?\-1
2 = i 2 (=20 T 2 2 2
ds? = (1— ==+ % )ar* — ( — ) dr?—r?ag?,
which looks like Reissner—Nordstrom but it does not have

gt = _l/grr-
@ This solution has two event horizons and can have any sign

for Q.
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Black holes in torsional teleparallel gravity

lons for the complex tetrad - similar RN

@ The first interesting black hole one is
2M Q 2Mr — Q —r?\-1
2 _ e YN s 2 23102
ds? = (1— ==+ % )ar* — ( — ) dr?—r?ag?,
which looks like Reissner—Nordstrém but it does not have

gt = _l/grr-
@ This solution has two event horizons and can have any sign

for Q.

@ The form of the theory is

(2+ V@17 —2QT 1 1)
(T + 2+ V@I —2QT 1 4) /8 — 20T £4/QPT? —2QT + 4.

F(T) =4fo
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Black holes in torsional teleparallel gravity

tion for the complex tetrad - Born-Infield

@ A quite well-studied theory inspired by Born-Infield
electromagnetism is

f(T):A(,/H?—Q,

with A\ being the so-called Born-Infeld parameter. It is easy to
notice that when T'/\ < 1, one obtains
F(T) =T —T?/(2\) + O(1/)?).
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lon for the complex tetrad - Born-Infield

@ A quite well-studied theory inspired by Born-Infield
electromagnetism is

f(T):A(,/H?—Q,

with A\ being the so-called Born-Infeld parameter. It is easy to
notice that when T'/\ < 1, one obtains
F(T) =T —T?/(2\) + O(1/)?).

@ We found an exact black hole solution to this theoryucap o1 (2022)
no.01, 0370)

2
a2 =4 [ﬁ(ao)\-i-?") —2tan~? <\/§r> ]dt2
T

A5/245
- m [\/X(CLQA +7) —2tan~? (

=
;’"N ar? — 12402, (1)
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Black holes in torsional teleparallel gravity

tions for the complex tetrad - Born-Infield

One can set a? = 1//) to get asymptotically flatness. Further,
if we choose agp = —2M /X and expands the metric up to
O(1/2%), we find

2M 4 s
ds?=|1— —+ — — —[ad¢?
y [ r +)\r2 \f)\r]

2M 16 M 12 T -1
= |1 — — — | dr? —r2dQ% + O(1/N?).
[ e m] 2 — 12402 + O(1/)2)
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tions for the complex tetrad - Born-Infield

One can set a? = 1//) to get asymptotically flatness. Further,
if we choose agp = —2M /X and expands the metric up to
O(1/2%), we find

2M 4 T
2 _ _ 2
ds? = [1 E=r —ﬁr]dt
[1 oM  16M 12«

—1
2 2 2 2
— +W_ﬁ] dr? — r2d0% + O(1/)2).

This is a generalization of a Schwarzschild black hole with one

horizon rj, = 2M + = — B + O(1/3%).
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Black holes in torsional teleparallel gravity

tions for the complex tetrad - Born-Infield

We also checked numerically that there is only one horizon:

1'0,v T T T T T T T T T T T T T T T T T v:

0.5

0.0

it -0.5¢

-1.5¢
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Theories with scalar torsion and boundary term

Black holes in torsional teleparallel gravity

Theorem spherical symmetry - valid for the two tetrads

In f(T) gravity, only for the case where the model is at most
TEGR + Constant, the A(r) and B(r) take on the reciprocal of
each other (g, = —1/g,.). Moreover, the solution in this case is
the Schwarzschild de Sitter solution.
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