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@ Assuming that the manifold is differentiable: Define tetrads
(or vierbein) {e,} (or {e*}) which are the linear basis on
the spacetime manifold.

@ At each point of the spacetime, tetrads gives us basis for
vectors on the tangent space.

@ Notation: Greek letters — space-time indices;
Latin letters — tangent space indices; E,* is the inverse of
the tetrad.

@ Then for example e, = E,*dx, and e* = e®,dx".

o Tetrads satisfy the orthogonality condition: E,,,»'e", = 6],
and E,,"e", = ay,
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ds and Special Relativity

@ General basis {e,} satisfies [eq, ep] = fCapec , Where
féap = B EyY (0,e°, — 0,e°,) is the coefficient of
anholonomy (curl of the basis).

@ Inertial frame (or holonomic frame) e/,: f%.4 = 0 (global
property)

@ Special Relativity in Minkowski: Linear frames (trivial
frames) gives us a relation between 7, (tangent) and 7,
(spacetime): nup, = nuw B4 EY and 1, = nae® by

@ In trivial frames: Curvature and torsion are zero.
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trads and Special Relativity

@ SR: ¢'% = 9,2'* and then 2 — A%z’. The new frame will
be

Lorentz-rotated frame in SR

a _ Aa b __ a a b _ a
e’y = A%e'y, = Opz® + whuz” = Dyx®, (1)

where w,, = A%0,A¢ is known as the spin connection
which represents inertial effects.

o Example free particles: inertial frame: dA = 0. This Eq. is
not local Lorentz invariant

@ However, in the anholonomic frame, changing
e, = A"e'%, one gets &= + w,,ubu# = 0 which is
Lorentz covarlant'

@ Spin-connection in SR represent inertial effects and they
are very important to the local Lorentz invariance.
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e theory of translations - Teleparallel gravity

@ TG is a gauge theory of translations: a field ) transforms
covariantly under a translation gauge z% — 2/* 4+ £*(2*) if a
gauge potential B, = —0,£" is introduced.

@ The translational gauge covariant derivative can be written
as e, = e®,0,1, and then

2y = Ot = 5, (2)

where e, cannot be a trivial frame.

@ This mean that one needs to replace a Minkowski metric to
a Riemannian metric giving us

Juv = Uabeauebl/ , g = nabE'uaEVb- (3)
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e theory of translations - Inertial effects

@ Let us now consider inertial effects in TG.

@ By performing a Lorentz transformation 2¢ — A%z’ one
finds that the tetrad becomes

Gau = 8an TF wabu$b ar Bau = D,u,-ra + Bau ) (4)

where w?,, = A®.0,A,° is the spin connection (pure
gauge-like) which describes inertial effects in the frame
described. Here, D,, is the Lorentz covariant derivative.

@ Proper frames: w*,, = 0.
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lation Field Strength

o Like any gauge theory, the field strength is the covariant
rotational of the gauge potential

™y = DB 5 = 0I5, (5)

o Since e, = D,z* 4+ B%,, one can rewrite the field strength
as
T = "y = Gpe”y =5 wabueby — wab,,ebu. (6)
@ This expression coincides with the Torsion tensor!.
@ It can be proved that the torsion tensor transforms
covariantly under both diffeomorphisms and local Lorentz
transformations and only represent gravitational effects.
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@ Let us now introduce the so-called “Weitzenbdck
connection”:

Weitzenbock connection

f‘plw = E.,’Dye®, = E”(0,e*, + wabueb,,) . (7)

@ By using this connection, one can express the torsion
tensor as follows

Torsion tensor
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Introduction to Teleparallel equivalent of general relativity

Connection in TG

@ The Weitzenbdck connection I'”,,,, is related to the
Levi-Civita connection I'”,,,, via

Relationship between connections

fpy,u, = Fpup, + Kpm/ ) (9)
where K?,, = L(T,,*, + T,,”,, — T?,,)) is the contorsion
tensor.

@ In this connection, it is easy to verify that the spacetime is
globally flat:

Curvature in Teleparallel gravity

Rabuu (Wabu) = 8uwabu - al/wabp +Wac,uwcby _Wacuwcbu =0. (1 0)
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leparallel action

@ The teleparallel action is formulated based on a
gravitational scalar called the torsion scalar T’

St = / [T + 26°Lrn] ed'z. (11)

where % = 871G, e = det(el) = /—g, L, matter
Lagrangian and T' = 17, T, + 1T°,,, T"", — T, T,"".

@ T and the scalar curvature R differs by a boundary term B
as R= -1+ B so:

Equivalence between field equations

The teleparallel field equations are equivalent to the Einstein
field equations.
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eleparallel gravity vs General Relativity

Two completely equivalent ways of understanding gravity:

Connections and strength fields

G.R. = Levi-Civita connection = Curvature with vanishing
torsion

TG = Weitzenbdck connection = Torsion with vanishing
curvature (flat).

How gravity is explained in both theories?

GR = Geometry (curvature of space-time) —- geodesic
equations

TG = Forces = Force equations as Maxwell egs (no
geodesic eq.).
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Introduction to Teleparallel equivalent of general relativity

Teleparallel gravity vs General Relativity

Gauge structure

GR = NO (only diffeomorphism)
TG = Gauge theory of the translations

Must have the equivalence principle?

GR = YES
TG = Can survive with or without

| A\

Can we separate inertia with gravity?

GR = NO (mixed) = No tensorial expression for the
gravitational energy-momentum density

TG = YES = gravitational energy-momentum density is a
tensor.
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Introduction to Teleparallel equivalent of general relativity

eleparallel gravity vs General Relativity

Geometrical differences

Curvature = how the tangent spaces roll along the curve.
Torsion = how tangent spaces twist about a curve when
they are parallel transported

Curvature Torsion

5

v3(P2) . ;
Py =z +dzy + dag dz x T jx

v3(P3) 3

dzt

P,
Py=x P, dxy !
Transporting a vector in a closed

trajectory creates a different vector Open parallelogram
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etrad teleparallel

@ When it is assumed that for all frames the spin connection
is zero, w%,. = 0, then one refers to pure tetrad teleparallel
theories. In this case, the torsion tensor becomes

T i = Ce™ oy = OiE™ sy = 1w (12)

@ Therefore, the torsion tensor and the scalar torsion T" are
not invariant under Local Lorentz transformations.

@ However, for standard teleparallel gravity, the theory turns
out to be quasi-local Lorentz invariant (up to a boundary
term)
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Introduction to Teleparallel equivalent of general relativity

etrad teleparallel

@ Since the spin connection is irrelevant for the solution, the
field equations of pure tetrad teleparallel gravity yields
correct solutions for the tetrad and for the metric of
spacetime.

o Einstein and Weitzbréck presented teleparallel gravity
within this formalism, assuming w®,. = 0.

@ For this historical reason, mostly many authors use this
formalism too.
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dified teleparallel theories of gravity

@ As there are many modifications in GR, it is also possible
to construct modifications to teleparallel gravity.

o If ones modifies pure tetrad teleparallel gravity, one finds
theories which are not invariant under local LT.

@ Two approaches for constructing modified teleparallel
theories:

How to construct modified teleparallel theories?

@ Do NOT assume w?,. = 0, (like covariant f(7T') gravity)
Q Use pure tetrad (w?,. = 0) but choosing “good tetrads”.

@ Both approaches give the same field equations but (1) is
more theoretically correct. However, there is still a debate
about how to find w%,.

@ Mostly all the literature use (2).
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o A well studied modification of GR is f(R) gravity, which has
the following action (change R — f(R))

f(R) gravity action

Str) = / (f(R) + 2k L)/ —g d'z .

@ Here, f is an arbitrary (sufficiently smooth) function of the
Ricci scalar.

@ Ricci scalar depends on second derivatives of the metric
tensor — Fourth order theory.

@ Very famous and explore theory which mimics
cosmological observations.
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Modified teleparallel gravity theories

T') gravity - pure tetrad

@ In analogy with f(R) gravity, one can consider in the
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f(T") gravity - pure tetrad

@ In analogy with f(R) gravity, one can consider in the
Teleparallel framework, the f(7T') gravity (change
T — f(T))

f(T) gravity action

Sty = / (f(T) + 2k*Lon)e d sz .

@ The torsion scalar 7' depends on the first derivatives of the
tetrads — Second order theory.

@ Tis not invariant under local LT = f(T) is also not
invariant under local LT.

Not equivalency between f(R) and f(T)
Field equations of f(T") +# Field equations of f(R)
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Relationship between R and T’

2
R=-T+9,(eT")= T +B.

@ Inspired by the later discussion, we define the action
(Bahamonde et. al Phys.Rev. D92,10, 104042 (2015))

f(T, B) gravity action

Syr,B) = / [f(T,B) +2k*Ly] ed*z,

where f is a function of both of its arguments and L., is a
matter Lagrangian.
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(T, B) gravity

@ ltis possible to show that this theory has the correct limits:

Limiting cases

@ When f(T, B) = f(T), one obtains f(T') gravity

Q When (T, B) = f(-T + B) = f(R), one obtains the teleparallel
equivalent of f(R) gravity

Q@ Other new theories such as f(T,B) =T + F(B).

@ Additionally, we showed that

Lorentz invariance and conservation

Q f(T,B)=F(-T + B) + c1B = F(R) + ¢1 B is the unique theory
which is invariant under local Lorentz tranfs.

@ The conservation equation is valid: V,,G** = 0.
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Modified teleparallel gravity theories

o

@ Modified teleparallel theories of gravity: f(T, B, T, Bg)
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Gauss-Bonnet extension

@ The Gauss-Bonnet term is a quadratic combination of the
Riemann tensor and its contractions given by

Gauss-Bonnet term

G = R* — 4R, R" + R, R""™.

@ This term can be expressed in a similar way as before
which simply reads as

Relationship between Gauss-Bonnet G and T

G=-T¢+ Bg.
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Modified teleparallel gravity theories

auss-Bonnet extension action

@ Inspired by the later discussion, we define the action
(Bahamonde et. al, Eur.Phys.J. C76 (2016) no.10, 578 )

Gauss-Bonnet extension action

Sf(T7B7TG7BG) - / [f(T7 B7 TG’ BG) + 2H2£m:| 6d4x .

@ This action is very general. For instance, we can recover
f=f(T,T¢) gravity or f(=T + B, —1T¢ + Ba) = f(R, G)
gravity.

@ In Bahamonde et. al, Eur.Phys.J. C76 (2016) no.10, 578 , an additional
extension where the trace of the energy-momentum tensor
T = Effﬁf was introduced too; f(T', B,T¢, Bg, T).
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@ Since T, B, T and B are not invariant under local
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] tetrads: Example in FRWL Cosmology with & = +1

@ Since T, B, T and B are not invariant under local
Lorentz transformations = One needs to be careful with
the choice of the tetrad.

@ The simplest tetrad field which yields the FRWL metric
ds? = —di? & a(t)Q[ L dr? + dQQ] is a diagonal one

1—kr2

given by
e, = diag (1, a(t)/V'1—kr? a(t)r,a(t)rsin 0) :

@ PROBLEM: This tetrad is highly restrictive since it
constraints the field equations with frr = 0.
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tetrads: Example in FRWL Cosmology with k = +1

@ One approach to avoid this issue is the so-called “good
tetrads”

@ The metric is invariant under the Lorentz rotated
transformation ¢’ = A%e’,, where

a 1 0
Ab‘(o R(a,ﬁ,w)’

is the local Lorentz transformation matrix. Here, R is the
3-dimensional rotation in the tangent space parametrised
by three Euler angles a = 0 — 7, 3 = ¢ and y = ~(r).

@ Basically, we are choosing a new frame in such a way that
one recovers spin connection !
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Modified teleparallel gravity theories

] tetrads: Example in FRWL Cosmology with & = +1

@ Using the rotated tetrad, the torsion scalar and the
boundary term are

4 V1 — kr? 1 a® k
T:——2<72r[r7’cosv+sin7}+ )—&-6——&—2 =

a i

4 V1 —kr? 2k
B:——<7r[r7’cos'y+sin7} —&——)—&—67—1—12—4—8—.

a? 2 7z a a? a?
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tetrads: Example in FRWL Cosmology with k = +1

@ Using the rotated tetrad, the torsion scalar and the
boundary term are

4 V1 —kr? 1 2k
T:——2<72r[r7’cosv+sin7}+ )—&-6——&—2 =

a i

4 V1 —kr? a?  k
B = _7(77“ [rw’cos'y—&—sinv} + —) —&-67 + 122 +8—.

a? 2 7z a a? a?

@ For the closed case £ = +1, we need to set
v(r) = — arcsinh (\/1 + r2> to have T" and B position

independent (also Tz and B¢) giving us in this frame:

8 24a 1 48a
6H2+— B =6(H* +2H) + —, ch—T“(H _;2),3@:7“,

3

(13)
where H = a/a is the Hubble parameter. Clearly,
R=-T+ B=6(H?+2H +1/da®) and

G = —T + Bg = 24a(H? + 1/a?) /a as expected!
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f(T, B, T¢, Bg) diagram

f= (T Tc) f=J(T)

f(T7 B7TG7 BG) f<T7 TG) f(T>
f=[f(-T+B,-T¢+ Bg) f=T
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Conclusions

Teleparallel gravity is a gauge theory of the translation
group which leads a special connection with zero cuvature
and non-zero torsion (Weitzbrock connection).
TG is equivalent on its field equations to GR, but their
physical interpretation are different.
Modified teleparallel theories (in the pure tetrad formalism)
are not invariant under Lorentz transformations but one
can solve this problem:
@ Starting with a non-pure tetrad formalism with spin
connection being different than zero.
@ Using good tetrads as it was shown during this
presentation.
Both approaches give the same field equations but (1) has
the problem of finding the spin-connection and (2) has the
problem of some theoretical inconsistencies.
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