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F(R) gravity (Jordan frame)

@ A well studied modification of GR is F'(R) gravity, which
has the following action

F(R) gravity action

1
Sr(r) = m/F(R)\/—gd‘lw-

@ Here, F'is an arbitrary (sufficiently smooth) function of the
Ricci scalar. G.R. is recovered if F/(R) = R.

@ Ricci scalar depends on second derivatives of the metric
tensor — Fourth order theory.
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yravity and a minimally coupled scalar tensor theory

@ We will now conformally transform the later action in order
to obtain the scalar-tensor Einstein frame counterpart
theory.

@ By introducing two auxiliary fields A and B, one can
re-write the F'(R) action as

S = 212 d*z/—g{B(R—A)+ F(A)} . (1)

@ By varying with respectto B — A = R.
@ By varying with respectto A = B = F'(A).
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@ Hence, the later action takes the following form
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R) gravity and a minimally coupled scalar tensor theory

@ Hence, the later action takes the following form
1
S =52 [ Ao VI {PAER-D+FA) . @

@ Now, we will conformally transform the metric as

Conformal transformation

) 1 )
Guv = mg/w =€ Juv, (3)

which modifies the Ricci scalar R — R. Here,
o =—InF'(A) is a new scalar field defined in terms of A.
Tildes refer to the Einstein frame.
:ycL
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Minimally coupled scalar-tensor theory (Einstein frame)
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Minimally coupled scalar-tensor theory (Einstein frame)

S:/d“w\/—_g{Q—}; - %M%—V(@} L@

@ Hence, the above action represents the resulting Einstein
frame scalar tensor theory corresponding to the Jordan
frame F'(R) gravity.

7/28



Introduction

R) gravity and a minimally coupled scalar tensor theory

@ By using this transformation, the action takes the following
form (¢ = /523 0),

Minimally coupled scalar-tensor theory (Einstein frame)

S = /d4x V-3 {2]:2 - %@aﬁg"aﬁ - V(¢)} : (4)

@ Hence, the above action represents the resulting Einstein
frame scalar tensor theory corresponding to the Jordan
frame F'(R) gravity.
o Tildes = Einstein frame scalar tensor theory.
Without tildes = Jordan F(R) frame ucL)
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R) gravity and a minimally coupled scalar tensor theory

@ Since both theories are equivalent, depending on the
problem studied, it might be convenient to do calculations
in one frame than in the other.

@ For example, in inflation is easier to work out within the
context of scalar-tensor theory.

@ We can ask the following question

Important question

These theories are equivalent but, are they actually physically
equal?
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at FRW Transformations between frames

@ By performing the conformal transformation

2
G — ei\/gmglw, the FRW metric will be

Line-elements after a conformal transformation

ds% = /3w (d? +a(d)?® (daﬂ')z) : (5)

i=1,2,3
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Introduction

Jordan and Einstein frames

Flat FRW Transformations between frames

@ By performing the conformal transformation

G — ei\/g’“’gw, the FRW metric will be

Line-elements after a conformal transformation

ds? = V30 (diﬂ +a(d)?® (dwi)z) , (5)

1=1,2,3

FRW Transformations between Jordan and Einstein frames

gt = VA (6)
a(t(®) = V35 (7) ™ |
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0 singularities change from one frame to another?

@ Having in mind that one can transform from one frame to
another by a conformal transformation, we will study what
happens with cosmological time singularities when we
conformally transform from one frame to another.

@ The following question arise:

Important question
Do time cosmological singularities change from one frame to
another?

@ Note: For simplicity, | will set x = 1.
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ification of types of singularities

There are four types of finite time singularities which depends
on a(t), pefr, per @nd derivatives of the Hubble rate:
o Type | (“the Big Rip Singularity”): a(t), pegr and peg diverge
ast — ts. (Most severe)
@ Type Il (“Sudden Singularity”): a(t) and peg remain
bounded and p.¢ diverges as t — t.
@ Type lll: a(t) remains bounded and p.¢ and p.g diverge as
t — ts.
@ Type IV: a(t), pegr @and pog remain bounded but the second

or higher derivatives of the Hubble rate diverge as t — ¢
(least severe).
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ple |: Power-law cosmology from Einstein frame

@ Let us consider a power-law cosmology a(t) = ao(t/to)?
where t, being some fiducial time and p a positive real free
parameter. By using the FRW scalar-tensor egs (Einstein
frame) we can easily find that
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Correspondence of F'( R) Gravity Singularities in different frames

ple |: Power-law cosmology from Einstein frame

@ Let us consider a power-law cosmology a(t) = ao(t/to)?
where t, being some fiducial time and p a positive real free
parameter. By using the FRW scalar-tensor egs (Einstein
frame) we can easily find that

¢ = £1/2pIn(i/io) (8)

@ In this case 51 = 0 and t, = oo and in this model the
Hubble rate H diverges at ¢ = 0, so we have a Type IlI
singularity in the Einstein frame.
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@ Let us now apply a conformal transformation to convert the
theory to a Jordan frame. If we use the transformations
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dt 3 F\¥2VE
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—> a(t) ~ VIS (10)

14/28



Correspondence of F'( R) Gravity Singularities in different frames

ple |: Power-law cosmology from Einstein frame

@ Let us now apply a conformal transformation to convert the
theory to a Jordan frame. If we use the transformations

found it before, we get

dt 3 F\¥2VE
fidp
—> a(t) ~ VIS (10)

@ For —: Type I finite time singularity at ¢t = 0 if the power law
parameter p lies in the range 1/3 < p < 3.

14/28
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ple |: Power-law cosmology from Einstein frame

@ Let us now apply a conformal transformation to convert the
theory to a Jordan frame. If we use the transformations
found it before, we get

dt 3 F\¥2VE
fidp
—> a(t) ~ VIS (10)

@ For —: Type | finite time singularity at ¢t = 0 if the power law
parameter p lies in the range 1/3 < p < 3.

@ In all other cases, the Type IlI singularity at ¢ = 0 in the
original Einstein frame remains a type Il singularity at

t = 0 in the Jordan frame. | :ycL
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e |I: A singular cosmological evolution from Einstein frame

@ The simplest singular cosmology is described by the
following Hubble rate,

H(?) = fo(t —£5)%, (11)
with fy an arbitrary real and positive parameter and o a
real number

@ When a < —1, the cosmology develops a Type | singularity.

@ When —1 < a < 0, the cosmology develops a Type I
singularity.

@ When 0 < a < 1, the cosmology develops a Type |l
singularity.

@ When « > 1, the cosmology develops a Type IV [ :uclL|
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ample lI: A singular cosmological evolution from Einstein frame

One can follow the same procedure as before for this more
general model and one can summarize the following:

Singularity in Einstein Frame

Singularity in Jordan Frame

Type |

Type | or no singularity

Type lll Type I
Type Il Type lll
Type IV Type IV or Type I

Correspondence for finite time singularities in the Einstein and
Jordan frames, for the cosmological evolution H (t) = fo(t — t,)® in

the Einstein frame.




Correspondence of F'( R) Gravity Singularities in different frames

yrrespondence of F(R) gravity singularities in different frames

We can conclude that:

First conclusion of this section

F(R) gravity has an equivalent minimally coupled scalar tensor
theory when one conformally transforms the metric as

_ o~
Guv = € Guv-
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Correspondence of F'( R) Gravity Singularities in different frames

F(R) gravity and scalar-tensor theory

Correspondence of F(R) gravity singularities in different frames

We can conclude that:

First conclusion of this section

F(R) gravity has an equivalent minimally coupled scalar tensor
theory when one conformally transforms the metric as
Juv = eag,uu-

Second conclusion of this section

Cosmological time singularities might change from one frame
to another.
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@ Minimally curvature-coupled scalar-tensor theory
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Acceleration and Deceleration in different frames

hat happens with acceleration/deceleration?

@ We showed that time singularities might change from one
frame to another. So, now we will ask the following
important question:

Is it possible to have a situation where we have acceleration
(deceleration) of the universe in one frame and deceleration
(acceleration) of the universe in the other?

v

Main objectives of this section

We shall investigate under which circumstances, an

accelerating evolution in one frame may be transformed to a

decelerating evolution in the other frame =
— A
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Joes acceleration/deceleration change from one frame to another?

@ Reminder: the scale factors of the Jordan and Einstein
frames are related as follows,

a(t(®) = 3V 355, (12)
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Acceleration and Deceleration in different frames

oes acceleration/deceleration change from one frame to another?

@ Reminder: the scale factors of the Jordan and Einstein
frames are related as follows,

a(t(®) = 3V 355, (12)
@ The second derivative of the scale factor (acceleration)
reads,
(L s L i) A
a —(2 3<Z>a—|—2 3¢a+a e . (13)
. : .i_ db — db
@ Convention: For any variable b: b = ¢ and b’ =
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rating in the Einstein frame and decelerating in the Jordan frame

@ We will study the case where we have acceleration in the
Einstein frame (a > 0) and simultaneously deceleration in
the Jordan frame (a” < 0).
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Acceleration and Deceleration in different frames

ating in the Einstein frame and decelerating in the Jordan frame

@ We will study the case where we have acceleration in the
Einstein frame (a > 0) and simultaneously deceleration in
the Jordan frame (a” < 0).

o In addition, the conditions ¢’ > and @ > 0 must hold true in
order to have expansion in the both frames.

o In order for the above constraints to be satisfied, it suffices
if the following conditions hold true,

1 /2. 1 /2.. .
A:Z\/;qba+2\/;¢a+a>0, (14)
a<o0, (15)

and ¢’ > and a > 0 as well. m
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7=

@ In both frames, the universe is expanding
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Acceleration and Deceleration in different frames

rating in the Einstein frame and decelerating in the Jordan frame

@ Particular case: Einstein frame behaves as
H@) = 2 = fot®, where o is a constant.

@ In both frames, the universe is expanding

@ Acceleration in Einstein frame and deceleration in Jordan
when:

a_l\/ an \/ fO ta+1—|—

+ foat E >0,
(16)
o+ fo?ga—i_1 < 0,
(17)
and additionally fo > 0and a < —1. ucL)
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o It is expected that for some specific times, these
inequalities will hold.
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ating in the Einstein frame and decelerating in the Jordan frame

o It is expected that for some specific times, these
inequalities will hold.
o Let us suppose that the first inequality is true for t., so we
may put,
fotl — 2 (18)

fo’

where 0 < m < 1 is some numerical parameter.
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ating in the Einstein frame and decelerating in the Jordan frame

o It is expected that for some specific times, these
inequalities will hold.
o Let us suppose that the first inequality is true for t., so we
may put,
AR 18
7o (18)
where 0 < m < 1 is some numerical parameter.
@ Substituting this expression in the second inequality, we
find,
—1
a —@+m%]a\+m%a>0. (19)

2v3 V3
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Acceleration and Deceleration in different frames

ating in the Einstein frame and decelerating in the Jordan frame

o It is expected that for some specific times, these
inequalities will hold.

o Let us suppose that the first inequality is true for t., so we
may put,

ol = m=7, (18)
Jfo

where 0 < m < 1 is some numerical parameter.

@ Substituting this expression in the second inequality, we
find,

a—1 am 3 1

= — — +m2|al + m2a > 0. 19

S5~ o5 Tl (19)

o If the sum of the first two terms are positive, the above
inequality will hold. All interesting values 0.8042 < m < 1,

for example m = 0.9 gives us B = 0.119 > 0.
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ating in the Einstein frame and decelerating in the Jordan frame

@ Therefore, all the inequalities can be true for some specific
values of the parameters.
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Acceleration and Deceleration in different frames

elerating in the Einstein frame and decelerating in the Jordan frame

@ Therefore, all the inequalities can be true for some specific
values of the parameters.

Result of the calculations:

We explicitly demonstrated for a specific model that for some
parameters, simultaneously we might have an accelerating
behaviour of the universe in the Einstein frame and a
deceleration behaviour in the Jordan frame.
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Acceleration and Deceleration in different frames

te on non-minimally scalar tensor theory

What happens with a non-minimally scalar tensor theory?

By using conformal transformations, it is also possible to relate
a non-minimally coupled tensor theory (a Jordan frame) with a
specific minimally coupled tensor theory (an Einstein frame).

Doing a similar analysis as before, It can be also shown that it
is possible to have the situation where we have acceleration in
one frame and deceleration in the other. )
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Conclusions

We presented how F'(R) gravity (Jordan frames) are
equivalent to a specific minimally coupled scalar-tensor
theory (Einstein frame) when we conformally transform the
metric as g, = e 7 gu-

We studied that cosmological time singularities and even
acceleration/deceleration behaviour of the Universe might
change from one frame to another.

Even though these theories are mathematically equivalent,
the physical interpretation of them might be different.

Which is the most real frame? Only observations can
answer this question.
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