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Overview of the Talk

0 Introduction to Teleparallel theories of gravity
o Basic mathematical ingredients
@ Trinity of gravity

Sebastian Bahamonde (*) Black holes in Teleparallel 2/31



Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamental variables
are a metric g,,, (10 comp.) as well as the coefficients I'*,,, (64
comp.) of an affine connection.
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@ In the most general metric-affine setting, the fundamentgl variables
are a metric g,,, (10 comp.) as well as the coefficients I'*,,, (64
comp.) of an affine connection.
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Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamentAaI variables
are a metric g,,, (10 comp.) as well as the coefficients I'*,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsuln part Nonmetacﬂy part
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Fundamental variables and characteristic tensors

@ In the most general metric-affine setting, the fundamentAaI variables
are a metric g,,, (10 comp.) as well as the coefficients I'*,,, (64
comp.) of an affine connection.

@ The most general connection can be written as

Connection decomposition

Levi-Civita Torsu':{\ part NonmetECIty part

7 ~N 7 ~N

Pz P 4T Tt 2@ — Qs (1)
w= w457 =T ) + 5@~ Qu’ ),

Curvature |RM, 0 = 8p0% e — 0ol + TH )07 o — DH,TT,,

Torsion THyp =TF —THy,

Nonmetricity Q“up = @Hgyp = Ouguvp — fauugap —I9pugve
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Tetrads and spin connection

(<) Notatlon ws v, @, .1 space-time; a, b, ¢, ..: tangent space.
I': Levi-Civita, T': TeIeparaIIeI connectlon I': General connection.
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(<) Notatlon ws v, @, .1 space-time; a, b, ¢, ..: tangent space.
I': Levi-Civita, T': TeIeparaIIeI connectlon I': General connection.

o Tetrads (or vierbein) e?, are linear basis on the spacetime manifold,
and at each point of the spacetime, tetrads gives us basis for vectors
on the tangent space.

o Tetrads satisfy the orthogonality condition; ¢,,,"¢e", = ¢;, and
em” €™, = ¢, and the metric and its inverse can be reconstructed via

Metric and tetrads

b b
uv = nabeaue V) gwj = 77(1 eaﬂeby

where 7, is the Minkowski metric.

@ Quantities denoted with a circle on top o denote that they are defined
with respect to the Levi-Civita connection and hats are general affine
connection.
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Trinity of gravity - curvature tensor

o The curvature becomes

Ruupa' = R”l/po + VpDMVO' - VO'DMI/p + DNTpDTVG' - DNTUDTVp 0
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Trinity of gravity - curvature tensor

@ The curvature becomes
Ruupa = Rﬂl/pa + VpDMI/O' - VJD'ul/p + DNTpDTVO' - DﬂTO'DTI/p 0

@ Now, by contracting the curvature tensor to obtain the Ricci scalar
R = g" R?,,, we find

Ricci scalar decomposition

R=R+ (T o 2%(\/—_ng,#)) + (Q +V,.QM, — @VQ,L’“’) +C

with

T := TP T,y 4 2TPAET, \ — AT, TPy, Torsion scalar,
1 1 1 1 - .
Q= = Qag»YQO"BA’ + 5 Qaﬁnyﬂa’Y IF a QaQ* — > QaoQ , Nonmetricity scalar ,

C:= Q(QKpAT)\Kp + QpaanKn - Qaaprnn) .
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Trinity of gravity - General Relativity

@ GR assumes zero torsion and nonmetricity so that

Ricci scalar GR

R= Rt (T =217 + (Q+ Vu@Etr=VQ,) +£ = R.

@ Then, GR is constructed from the Ricci scalar

Einstein-Hilbert action

SGR:/[—z—;é+Lm] \/—gd4m.

where k? = 87G and L, is any matter Lagrangian.
@ The Einstein’s field equations are obtained by taking variations w/r

] . 1 .
to the metric: | ., — 5,1t = 52Ty |
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=R+ (T+2W(\/_—9TPPM)) + (Q+ Y o — ‘)QM“”) oz
“— R=-T+V.(v/=gT",") = -T +B.

@ Then, TEGR is constructed from the torsion scalar T

(torsional) Teleparallel equivalent of GR (TEGR) action

1
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Trinity of gravity - Teleparallel equivalent of GR

o Teleparallel equivalent of GR (TEGR) assumes zero curvature and
zero nonmetricity so that

Ricci scalar TEGR

R=0=FR+(T+29,(v=9T"") + (Q + VuQUr =10, ) +.2,
“— R=-T+V.(v/=gT",") = -T +B.

@ Then, TEGR is constructed from the torsion scalar T

(torsional) Teleparallel equivalent of GR (TEGR) action

1
STEGR = / {—2—’€2T aF Lm:| ed*z.

@ Since F differs by T by a boundary term B, the equations of TEGR
are equivalent to the Einstein’s field equations.
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Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that
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Trinity of gravity - Symmetric Teleparallel equivalent of GR

@ Symmetric Teleparallel equivalent of GR (STEGR) assumes zero
curvature and zero torsion so that

Ricci scalar STEGR

R=0=FR+ (T +2V=7177) + (@ + VuQH™s - VuQuH*) +.2,

— R=-Q-V,Q.* +V,.Q"", ;= -Q+Bg.

@ Then, STEGR is constructed from the nonmetricity scalar @

(non-metricity)Symmetric Teleparallel equivalent of GR (STEGR) action

1
SSTEGR = / [_WQ + Lm] V—gdiz.

o Since R differs by @ by a boundary term B, the equations of
STEGR are equivalent to the GR egs.
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Flat spacetime

T 42D, T" = Q + 2D, (Q" — Q)

Geometrical trinity of gravity (S. Bahamonde et.al., “Teleparallel Gravity: From Theory
b Cosmology,” [arXiv:2106.13793 [gr-qc]].; J. Beltran Jiménez, L. Heisenberg and T. S. Koivisto, “The
seometrical Trinity of Gravity,” Universe 5 (2019) no.7, 173.)



Overview of the Talk

9 Modified Teleparallel theories of gravity
@ General features
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Modified teleparallel theories

What happens if we modify TEGR and STEGR?

If we modify the Teleparallel actions, a priori there is no equivalence
between modified theories from GR and modified Teleparallel theories.
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Modified teleparallel theories

What happens if we modify TEGR and STEGR?

If we modify the Teleparallel actions, a priori there is no equivalence
between modified theories from GR and modified Teleparallel theories.

Are Teleparallel theories diffeo and local Lorentz invariant?

There is a lot of misconceptions in the literature, but yes both the
torsional and nonmetricity versions are fully invariant (diffeo+local
Lorentz)
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Overview of the Talk

e Black holes in torsional teleparallel gravity
@ Basic considerations
@ Scalarised black holes in scalar-torsion
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Modified torsional teleparallel theories

@ The dynamical variables are the tetrad and a pure-gauge flat spin
connection.
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The dynamical variables are the tetrad and a pure-gauge flat spin
connection.

It is always possible to choose a gauge such that the spin
connection vanishes (Weitzenbdck gauge).

Field equations: One needs to take variations w/r to the tetrads and
the flat spin connection. It turns out that the spin connection Egs.
coincides with the antisymmetric part of the tetrad field equations.

It is then sufficient to take variations w/r to the tetrad only and all the
gravitational information will be encoded in the symmetric and
antisymmetric part of those field equations.

Keep in mind: the metric has 10 d.o.f. and the tetrad 10 + 6. Since
these theories have e?, as the fundamental variables, the same
metric can have different tetrads.
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Spherical symmetry in torsional TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry

and then LZCIO‘O‘,W = 0. Then, the field equations of the theory satisfy
the symmetries.

1M. Hohmann, L. Jarv, M. Kr§$ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 0840G2
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o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry

and then LZCIO‘O‘W = 0. Then, the field equations of the theory satisfy
the symmetries.

@ Torsional teleparallel:(£z,gos = 0 does not imply £.I'“,, =0 ).
Two conditions:
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Spherical symmetry in torsional TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry

and then LZCIO‘O‘W = 0. Then, the field equations of the theory satisfy
the symmetries.

@ Torsional teleparallel:(£z,gos = 0 does not imply £.I'“,, =0 ).
Two conditions:

£ZC6A w= —)\?BeB ) EZCL/JA Bu = au)\‘?B +UJA CM)‘gB =l Bu)‘?C o

By solving these egs in the Weitzenbdck gauge we find'

C1 Ca 0 0
A Cszsindcosp Cysindcose Cscostcosp —Cgsing  —sind(Cs sinp + Cg cos ¥ cos p)
v Cssindsing Cysindsing CscosVsing + Cgcosp  sind(Cs cos g — Cg cos I sin ) .
C3 cos Cy cos? —C5sin? Cg sin? 9

@ By redefining C;(t,r) we find ds? = A(r)dt?> — B(r)dr? — r2dQ? and
two extra functions only appear in the tetrad. We can set those two

extra with the antisymmetric field equations.

1M. Hohmann, L. Jarv, M. Kr§$ak and C. Pfeifer, Phys. Rev. D 100 (2019) no.8, 084062
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Scalarised black holes in Riemannian geometry

o In GR(+Maxwell), black holes are only characterised by its mass,
charge and angular momentum (no-hair theorem).
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1
_2/{',2 M

[f(¢)1—i> + 2B() X — 2n2V(1,/))] J—gd'z.

Sebastian Bahamonde (*) Black holes in Teleparallel 15/31



Scalarised black holes in Riemannian geometry
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Scalarised black holes in Riemannian geometry

o In GR(+Maxwell), black holes are only characterised by its mass,
charge and angular momentum (no-hair theorem).

o Several studies have been carried out for scalar-tensor theories like

1
_2/{',2 M

[FW)E+2B($)X - 262V(y)| v=gd*e.
@ When F(¢) = 1 and V « —?, there is a no-hair theorem.

@ One can circumvent the no-hair theorem by having some particular
potentials and coupling functions.
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Scalar-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:

1
_2I§}2M

[—AW)T - CW)B +2B@) X - 262V(y)] v=g 'z,

where X = —2¢"70,10,1.

2S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.

38. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10, 104042
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Scalar-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:

1
_QKDQM

[—AW)T - CW)B +2B@) X - 262V(y)] v=g 'z,

where X = —2¢"70,10,1.

@ Since R = —T + B, when A(y)) = —C(1) the above theory is exactly
the same as the standard non-minimally one.

2S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.

3S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10, 104042
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Scalar-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:
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_21€2M

[—AW)T - CW)B +2B@) X - 262V(y)] v=g 'z,

where X = —2¢"70,10,1.

@ Since R = —T + B, when A(y)) = —C(1) the above theory is exactly
the same as the standard non-minimally one.

@ In appropriate limits f(T) or f(}%) or f(T, B)® gravity can be
obtained from the above action.

2S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
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3S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10, 104042

Sebastian Bahamonde (*) Black holes in Teleparallel 16/31



Scalar-torsion theories

@ One can formulate Teleparallel theories with a scalar field, for
example?:

1
_21€2M

[—AW)T - CW)B +2B@) X - 262V(y)] v=g 'z,

where X = —2¢"70,10,1.

@ Since R = —T + B, when A(y)) = —C(1) the above theory is exactly
the same as the standard non-minimally one.

@ In appropriate limits f(T) or f(}%) or f(T, B)® gravity can be
obtained from the above action.

@ For example f(T') can be found by B = C(¢)) = 0, A(¢)) = fr and
V()=1/2(Tfr — f)and ¢p =T.

2S. Bahamonde and M. Wright, Phys. Rev. D 92 (2015) no.8, 084034; M. Zubair, S. Bahamonde and M. Jamil, Eur. Phys. J.
C 77 (2017) no.7, 472; M. Hohmann and C. Pfeifer, Phys. Rev. D 98 (2018) no.6, 064003.

3S. Bahamonde, C. G. Béhmer and M. Wright, Phys. Rev. D 92 (2015) no.10, 104042
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Solving the antisymmetric field equations

@ There are two different tetrads which solve the antisymmetric field
equation and they have the same metric*

A(r) 0 0 0
A 0 B(r)sindcosp Ercosdcosp —résindsing €= 41
s = 0 B(r)sinYsinp Ercosdsing  Ersindcose ’ T
0 B(r) cos? —rsind 0
0 iB(r) 0 0
| dA(r)sindcosp 0 —rsing —rsind cos v cos p
€@k T | GA(r)sindsing 0 Xrcosp —rsindcosdsin g ’
1 A(r) cos 0 0 rsin? 9

ds? = A(r)2dt? — B(r)2dr? — r2d02.

43. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01 (2022) no.01,
037
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Solving the antisymmetric field equations

@ There are two different tetrads which solve the antisymmetric field
equation and they have the same metric*

A(r) 0 0 0
A 0 B(r)sindcosp Ercosdcosp —résindsing €= 41
s = 0 B(r)sinYsinp Ercosdsing  Ersindcose ’ T
0 B(r) cos? —rsind 0
0 iB(r) 0 0
A | dA(r)sindcosp 0 —rsing —rsind cos v cos p
€@k T | GA(r)sindsing 0 Xrcosp —rsindcosdsin g ’
1 A(r) cos 0 0 rsin? 9

ds? = A(r)2dt? — B(r)2dr? — r2d02.

o The phenomenology of these two tetrads will be different: For the
same metric, two different sets of equations.

43. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01 (2022) no.01,
037
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Solving the antisymmetric field equations

@ There are two different tetrads which solve the antisymmetric field
equation and they have the same metric*

A(r) 0 0 0
A 0 B(r)sindcosp Ercosdcosp —rEsindsingp €= 41
s = 0 B(r)sinYsinp Ercosdsing  Ersindcose ’ T
0 B(r) cos? —rsind 0
0 iB(r) 0 0
A | dA(r)sindcosp 0 —rsing —rsind cos v cos p
€@k T | GA(r)sindsing 0 Xrcosp —rsindcosdsin g ’
1 A(r) cos 0 0 rsin? 9

ds? = A(r)2dt? — B(r)2dr? — r2d02.

o The phenomenology of these two tetrads will be different: For the
same metric, two different sets of equations.

o We found exact solutions for different theories for the two tetrads,
some of them with a scalar hair.

43. Bahamonde, A. Golovnev, M. J. Guzman, J. L. Said and C. Pfeifer, JCAP 01 (2022) no.01,
037
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Black hole Solution 1: Born-Infeld f(T")

o A quite well-studied theory inspired by Born-Infield

electromagnetism is
2T
F(T) = A(,/1 b= 1) :

with \ being the so-called Born-Infeld parameter. It is easy to notice
that when T/\ < 1, one obtains f(T) = T — T?/(2)\) + O(1/\?).
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Black hole Solution 1: Born-Infeld f(T")

o A quite well-studied theory inspired by Born-Infield

electromagnetism is
2T
F(T) = A(,/1 b= 1) :

with \ being the so-called Born-Infeld parameter. It is easy to notice
that when T/\ < 1, one obtains f(T) = T — T?/(2)\) + O(1/\?).
@ We found an exact black hole solution to this theoryucar o1 (2022) no.01, 0370)

a A
ds2 =4 [\/X(ao)\ +7) —2tan~? <\€T> ]dt2
7P

\B/2:5

(a2 [VA(a0A +7) — 2tan™! <‘/2XT) ]_1dr2 —12d02 .
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Black hole Solution 1: Born-Infeld f(T)

o A quite well-studied theory inspired by Born-Infield
electromagnetism is

£(T) :A<\/1+¥—1),

with \ being the so-called Born-Infeld parameter. It is easy to notice
that when T/\ < 1, one obtains f(T) = T — T?/(2)\) + O(1/\?).
@ We found an exact black hole solution to this theoryucap o1 (2022) no.t, 0370)

2
ds2 =4 [\/X(a0>\+7') —2tan"! <\/§’“> ]dt2
T

A5/24.5
C (4472))2

[ﬁ(aok +7)—2tan™! <\/2XT> ]_1d7’2 —r2d02?.

@ This solution behaves similarly to Schwarzschild with one horizon
but the horizon depends on M and \ (which acts as an extra hair).
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Solution 2;: BBMB

@ For a theory with a coupling like .A(y))T with a kinetic term B = g,
we found exact solutions for the real and complex tetrad®.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized black holes in teleparallel gravity,”
JCAP 04 (2022) no.04, 018
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Solution 2;: BBMB

@ For a theory with a coupling like .A(y))T with a kinetic term B = g,
we found exact solutions for the real and complex tetrad®.

@ One interesting one is

K
T

ds? = (1 )thz - (1 - §>_2dr2 — 12402,

with (r) = — 254, (W) = =842, V() = 0.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized black holes in teleparallel gravity,”
JCAP 04 (2022) no.04, 018
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Solution 2: BBMB

@ For a theory with a coupling like .A(y))T with a kinetic term B = g,
we found exact solutions for the real and complex tetrad®.

@ One interesting one is
K\ 2 K\ —2
ds?= (1= =) art - (1-2) ar = r2ae?,
T T

with (r) = — 2000 A(y) = —4842, V(¥) = 0.
@ The metric is the same as the

Bocharova—Bronnikov—Melnikov—Bekenstein (BBMB) solution found
in Riemannian conformal scalar-vacuum theory!

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized black holes in teleparallel gravity,”
JCAP 04 (2022) no.04, 018
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Solution 2: BBMB

@ For a theory with a coupling like .A(y))T with a kinetic term B = g,
we found exact solutions for the real and complex tetrad®.

@ One interesting one is
KA\2 KN\ -2
ds? = (1= =) a2 - (1= =) ar® - r2ag?,
T T

with (r) = — 2000 A(y) = —4842, V(¥) = 0.
@ The metric is the same as the

Bocharova—Bronnikov—Melnikov—Bekenstein (BBMB) solution found
in Riemannian conformal scalar-vacuum theory!

@ New solutions that do not appear in the Riemannian case appear in
this theories. Also, we also formulated no-hair theorems. See our
paper for this.

5S. Bahamonde, L. Ducobu and C. Pfeifer, “Scalarized black holes in teleparallel gravity,”
JCAP 04 (2022) no.04, 018
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Overview of the Talk

0 Black holes in symmetric teleparallel gravity (non-metricity)
@ Basic considerations
@ Scalarised black holes in symmetric TG
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Modified symmetric teleparallel theories (non-metricity)

@ The dynamical variables are the metric and a torsionless and flat
connection.
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connection.

@ It is always possible to choose a gauge such that the connection
vanishes (Coincident gauge). In this gauge V,, = 0,..
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Modified symmetric teleparallel theories (non-metricity)

@ The dynamical variables are the metric and a torsionless and flat
connection.

@ It is always possible to choose a gauge such that the connection
vanishes (Coincident gauge). In this gauge V,, = 0,..

o Field equations: One needs to take variations w/r to the metric and
the connection.
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Modified symmetric teleparallel theories (non-metricity)

@ The dynamical variables are the metric and a torsionless and flat
connection.

@ It is always possible to choose a gauge such that the connection
vanishes (Coincident gauge). In this gauge V,, = 0,..

o Field equations: One needs to take variations w/r to the metric and
the connection.

@ Keep in mind: the metric has 10 d.o.f. and now we have
metric+connection, so that, there are more d.o.f.
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Spherical symmetry in symmetric TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry

and then chfo‘m, = 0. Then, the field equations of the theory satisfy
the symmetries.

6F. D’Ambrosio, S. D. B. Fell, L. Heisenberg and S. Kuhn, Phys. Rev. D 105 (2022) nc.2, C24042
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Spherical symmetry in symmetric TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry
and then chfo‘#,, = 0. Then, the field equations of the theory satisfy
the symmetries.

@ Symmetric teleparallel (honmetricity):
(L2945 = 0 does not imply £ I'“,, = 0 ). Two conditions:

Ech/J.V = 07 LZCF)\ uv = 0 .

6F. D’Ambrosio, S. D. B. Fell, L. Heisenberg and S. Kuhn, Phys. Rev. D 105 (2022) nc.2, C24042
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Spherical symmetry in symmetric TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry
and then £Zcf0‘#,, = 0. Then, the field equations of the theory satisfy
the symmetries.

@ Symmetric teleparallel (honmetricity):
(L2945 = 0 does not imply £ I'“,, = 0 ). Two conditions:

EZCg/J.V = 07 £ZCF)\ uv = 0 .

@ By solving these egs, we find that there are two different
connections (respecting zero curvature and zero torsion) satisfying
spherical symmetry®. (set 1 and set 2).

6F. D’Ambrosio, S. D. B. Fell, L. Heisenberg and S. Kuhn, Phys. Rev. D 105 (2022) nc.2, C24042
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Spherical symmetry in symmetric TG

o Riemannian geometry (as GR): Killing eq: Lz gas = 0 @ symmetry
and then £Zcf0‘w, = 0. Then, the field equations of the theory satisfy
the symmetries.

@ Symmetric teleparallel (honmetricity):
(L2945 = 0 does not imply £ I'“,, = 0 ). Two conditions:

CZCg,U.V = 07 ﬁZC]-_‘)\ uv = 0 .

@ By solving these egs, we find that there are two different
connections (respecting zero curvature and zero torsion) satisfying
spherical symmetry®. (set 1 and set 2).

@ Similarly as the torsional case, for the same metric (spherically
symmetric) we will have two sets of field equations with different
phenomenology.

6F. D’Ambrosio, S. D. B. Fell, L. Heisenberg and S. Kuhn, Phys. Rev. D 105 (2022) nc.2, C24042
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Scalar-tensor theories in symmetric TG

@ Similarly as with the torsional case, one can formulate analogues
theories in symmetric TG:”

= 5 [ €ev=3 (A®)Q - B(®) 70,2050 - 2(®)

where Q =- le Q)\;WQA'M/ + % Q)\MVQ“VA + 711 QMQM - % Qu@ﬂ-

L Jarv, M. Runkla, M. Saal and O. Vilson, Phys. Rev. D 97 (2018) no.12, 124025
S Bahamonde, J. Gigante Valcarcel, L. Jarv and J. Lember, [arXiv:2206.02725 [gr-qc]’ ‘tc appear in JCAP),
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Scalar-tensor theories in symmetric TG

@ Similarly as with the torsional case, one can formulate analogues
theories in symmetric TG:”

/ a2/~ (A@)Q — B(2)g** 0,200 — 2V(2)) |
where Q = - Zi Q)\;LVQ)\'“V + % Q)\,uVQm/)\ + Zi QMQM - % Q,u@ﬂ-

o If A(®) = const, we just have Einstein-Klein-Gordon. Also, the above
theory contains f(Q) gravity.

7L. Jarv, M. Runkla, M. Saal and O. Vilson, Phys. Rev. D 97 (2018) no.12, 124025
8S. Bahamonde, J. Gigante Valcarcel, L. Jarv and J. Lember, [arXiv:2206.02725 [gr-qc]’ ‘tc appear in JCAP),
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Scalar-tensor theories in symmetric TG

@ Similarly as with the torsional case, one can formulate analogues
theories in symmetric TG:”

= 5 [ €ev=3 (A®)Q - B(®) 70,2050 - 2(®)

where Q = - Zi Q)\;LVQ)\#V + % Q)\,uI/Qm/)\ + Zi QMQM - % Q,u@ﬂ-
o If A(®) = const, we just have Einstein-Klein-Gordon. Also, the above
theory contains f(Q) gravity.

@ In our recent paper®, we analysed spherical symmetry to this theory and
found several exact black hole solutions.

7L. Jarv, M. Runkla, M. Saal and O. Vilson, Phys. Rev. D 97 (2018) no.12, 124025
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Scalar-tensor theories in symmetric TG

@ Similarly as with the torsional case, one can formulate analogues
theories in symmetric TG:”

= 5 [ €ev=3 (A®)Q - B(®) 70,2050 - 2(®)

where Q = - Zi Q)\;LVQ)\#V + % Q)\,uI/Qm/)\ + Zi QMQM - % Q,u@ﬂ-
o If A(®) = const, we just have Einstein-Klein-Gordon. Also, the above
theory contains f(Q) gravity.

@ In our recent paper®, we analysed spherical symmetry to this theory and
found several exact black hole solutions.

@ The first set (1st connection) only gives the trivial case, i.e. A(®) = const.

7L. Jarv, M. Runkla, M. Saal and O. Vilson, Phys. Rev. D 97 (2018) no.12, 124025
8S. Bahamonde, J. Gigante Valcarcel, L. Jarv and J. Lember, [arXiv:2206.02725 [gr-qc]’ ‘tc appear in JCAP),

Sebastian Bahamonde (*) Black holes in Teleparallel 23/31



Scalar-tensor theories in symmetric TG

@ Similarly as with the torsional case, one can formulate analogues
theories in symmetric TG:”

/ d'ay/~g (A(®)Q ~ B(#)g*?0, 20, —20(®)) .

where Q = - Zi Q}\}LVQA/JV + % Q)\,uI/Qm/)\ + ZEQMQ'M - %Qu@ﬂ-

o If A(®) = const, we just have Einstein-Klein-Gordon. Also, the above
theory contains f(Q) gravity.

@ In our recent paper®, we analysed spherical symmetry to this theory and
found several exact black hole solutions.

@ The first set (1st connection) only gives the trivial case, i.e. A(®) = const.

@ The second set (2nd connection) has non-trivial black hole solutions and
they are different to the Riemannian case. They can be split into two
subcases.

7L. Jarv, M. Runkla, M. Saal and O. Vilson, Phys. Rev. D 97 (2018) no.12, 124025
8S. Bahamonde, J. Gigante Valcarcel, L. Jarv and J. Lember, [arXiv:2206.02725 [gr-qc]’ ‘tc appear in JCAP),
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Solutions 1 and 2: BBHB and Lambert

@ We found solutions with couplings like Q®2. One interesting property
is that BBHB is also a solution of the symmetric scalar-tensor theory.
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Solutions 1 and 2: BBHB and Lambert

@ We found solutions with couplings like Q®2. One interesting property
is that BBHB is also a solution of the symmetric scalar-tensor theory.
@ An interesting new solution in this sector:

d52=—(1+W(#))2dt2+(1+W(#>>_2dr2+r2d92,
@(r) = @0 (—TW(AiM))UZ, A(<I>)=6%2, V(@) =0,

where W (z) is the Lambert function defined as W (z)e" () = z and M represents the ADM
mass of the black hole.
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Solutions 1 and 2: BBHB and Lambert

@ We found solutions with couplings like Q®2. One interesting property
is that BBHB is also a solution of the symmetric scalar-tensor theory.
@ An interesting new solution in this sector:

—M\\? —M\\ 2
dsZ:—(1+W(—)) dt2+<1+W(—>> dr? + r2dQ2?,
T T

1/2
_ M _ p2? _
O(r) = &g (_T‘VV(M)) , A(®) = g V(@) =0,

T

where W (z) is the Lambert function defined as W (z)e" (*) = z and M represents the ADM
mass of the black hole.

@ No-hair theorems and more new solutions (see our paper).

Sebastian Bahamonde (*) Black holes in Teleparallel 24/31



Overview of the Talk

e Briefly on Spontaneous scalarization
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Spontaneous scalarization in Riemannian gravity: Gauss-Bonnet

@ One very interesting theory in Riemannian case is
4 o 1 " o
§= [ diay=g(R - 50,00"0 +af()C),

where G = Jo%agﬂ,,l%"‘ﬁ”” — 4}%(15}02"‘5 + R? is the Gauss-Bonnet
invariant.
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@ One very interesting theory in Riemannian case is
4 o 1 " o
§= [ diay=g(R - 50,00"0 +af()C),

where G = f%agﬂ,,fiaﬁl‘” — 4fza5}o%°‘f’ + R? is the Gauss-Bonnet
invariant.

@ This theory has spontaneous scalarization: there exist BH solutions

which are formed by spontaneous scalarization of the Schwarzaschild
BH in the extreme curvature regime.
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Spontaneous scalarization in Riemannian gravity: Gauss-Bonnet

@ One very interesting theory in Riemannian case is
4 o 1 " o
§ = [ d'ov=g(R - ;0.00"6 +af(#)G),

where G = fzaﬁ;w}o{“ﬁ“" — 4fzaﬁfzaﬁ + R? is the Gauss-Bonnet
invariant.
@ This theory has spontaneous scalarization: there exist BH solutions

which are formed by spontaneous scalarization of the Schwarzaschild
BH in the extreme curvature regime.

@ In this regime, below certain mass, the Schwarzschild solution
becomes unstable and new branch of solutions with nontrivial scalar
field bifurcate from the Schwarzschild one.
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Spontaneous scalarization in torsional teleparallel gravity?

@ The simplest way to see that this process exists is looking at the
Klein-Gordon eq: C¢ + %‘f)(} = 0. Since G # 0 in Schwarzschild, the
Gauss-Bonnet invariant sources a scalar-hair.
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@ The simplest way to see that this process exists is looking at the
Klein-Gordon eq: C¢ + %‘f)G = 0. Since G # 0 in Schwarzschild, the
Gauss-Bonnet invariant sources a scalar-hair.

@ In atheory like £ = R— %8@8% + af(qb)]%, there are not
spontaneous scalarization (IO% = 0 in Schwarzschild).
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Spontaneous scalarization in torsional teleparallel gravity?

@ The simplest way to see that this process exists is looking at the
Klein-Gordon eq: C¢ + %ZS)G = 0. Since G # 0 in Schwarzschild, the
Gauss-Bonnet invariant sources a scalar-hair.

@ In atheory like £ = R- %au?auqs + af(¢)1°%, there are not
spontaneous scalarization (R = 0 in Schwarzschild).

@ In torsional teleparallel versions: Since T" and B are different to zero
in Schwarzschild, we expect to have spontaneous scalarization for the
simplest theory coupled to £ = —T — 130,¢0"¢ — A($)T + B(¢)B.
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Spontaneous scalarization in torsional Teleparallel gravity?

@ Simple computation show that this could be true:
ds®> = D Adt? — 1/Adr? — r2dQ? with § < 1 and A = 1 — 2M /r and
SY(t,,0,4) = u(r)/re="" i (6,1):
d’u
dr?

+ [w? = U()|u=0, with A'(0)=B(0),
where we have introduced tortoise coordinates dr, = (1 — 2M /r)~'dr
and the potential U(r) is

B %) <2M l(l —i; 1) 4 % (—.AH(O) + B"(O)) ) ‘

v = (1

We have an unstable mode if

+oo 00
/ U(ry)dr, = / U(Z\/I dr <0,
2

oo Mml—2M

r r3 r

2(=A”(0)+B"(0))

1
and then ;57 < — BT
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Overview of the Talk

e Conclusions and final remarks
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Conclusions

@ TG opens a new windows to study physics from a different
perspective when curvature is zero and either torsion or
non-metricity are the responsible of gravity.
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Conclusions

@ TG opens a new windows to study physics from a different
perspective when curvature is zero and either torsion or
non-metricity are the responsible of gravity.

@ There are three theories equivalent (GR, TEGR and STEGR) and
one can modify the teleparallel ones to study those modifications.
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Conclusions

o TG opens a new windows to study physics from a different
perspective when curvature is zero and either torsion or
non-metricity are the responsible of gravity.

@ There are three theories equivalent (GR, TEGR and STEGR) and
one can modify the teleparallel ones to study those modifications.

@ We found that the first exact non-trivial Black hole solutions in
modified torsional teleparallel gravity, for f(T") gravity and also we
found scalarised black hole solutions for scalar-torsion theories and
symmetric non-metricity scalar-tensor theories.
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Conclusions

o TG opens a new windows to study physics from a different
perspective when curvature is zero and either torsion or
non-metricity are the responsible of gravity.

@ There are three theories equivalent (GR, TEGR and STEGR) and
one can modify the teleparallel ones to study those modifications.

@ We found that the first exact non-trivial Black hole solutions in
modified torsional teleparallel gravity, for f(T") gravity and also we
found scalarised black hole solutions for scalar-torsion theories and
symmetric non-metricity scalar-tensor theories.

@ We formulated no-hair theorems for scalar-torsion gravity and
symmetric (non-metricity) scalar-tensor theories.
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Conclusions and final remarks

@ The main conclusion is that by constructing similar theories as the
Riemannian case, one can avoid the no-hair theorem in more
situations (even without a potential).
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@ The main conclusion is that by constructing similar theories as the
Riemannian case, one can avoid the no-hair theorem in more
situations (even without a potential).

o the BBHB is solution of the three theories (coupled with ricci scalar,
torsion scalar and non-metricity scalar). Why?
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@ The main conclusion is that by constructing similar theories as the
Riemannian case, one can avoid the no-hair theorem in more
situations (even without a potential).

o the BBHB is solution of the three theories (coupled with ricci scalar,
torsion scalar and non-metricity scalar). Why?

@ New scalarized solutions in the teleparallel sector that do not exist in
the Riemannian one (like the Lambert one, or others). Why?
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Conclusions and final remarks

@ The main conclusion is that by constructing similar theories as the
Riemannian case, one can avoid the no-hair theorem in more
situations (even without a potential).

o the BBHB is solution of the three theories (coupled with ricci scalar,
torsion scalar and non-metricity scalar). Why?

@ New scalarized solutions in the teleparallel sector that do not exist in
the Riemannian one (like the Lambert one, or others). Why?

@ Some scalarized solutions found are of secondary type (the charge
of the scalar field is not independent), but we also found some
solutions which having an independent parameter (such as in
Born-Infeld f(7)).
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Conclusions and final remarks

@ The main conclusion is that by constructing similar theories as the
Riemannian case, one can avoid the no-hair theorem in more
situations (even without a potential).

o the BBHB is solution of the three theories (coupled with ricci scalar,
torsion scalar and non-metricity scalar). Why?

@ New scalarized solutions in the teleparallel sector that do not exist in
the Riemannian one (like the Lambert one, or others). Why?

@ Some scalarized solutions found are of secondary type (the charge
of the scalar field is not independent), but we also found some
solutions which having an independent parameter (such as in
Born-Infeld f(7)).

@ Spontaneous scalarization in Teleparallel gravity?
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